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Abstract
A new type of sub-Kelvin refrigerator, the superfluid Joule-Thomson refrigerator, has
been developed and its performance has been experimentally verified. This refrigerator
uses a liquid superfluid mixture of 3He and 4He as the working fluid and depends on the
non-ideal-gas-like behavior of the 3He component in this mixture to provide cooling
when the mixture is throttled.
This work included the design and development of low dissipation. valves and a low
temperature compressor that were successfully operated at 1.2 K. Analytical and
numerical models were developed to predict the performance of the refrigerator and to
provide insight to improve and further develop this new technology. The refrigerator
achieved an ultimate temperature of 0.68 K when rejecting heat at 1.2 K
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Chapter 1
1 Introduction
1.1 Background
The superfluid Joule-Thomson refrigerator (SJTR) was first proposed by Brisson
in 2000.1 This refrigerator uses the non-ideal properties of a liquid 3He-4He mixture to
provide cooling below one Kelvin. The high temperature cooling power of the SJTR
comes from the thermal excitations (phonons and rotons) in the 4He component of the
liquid 3He_ He mixture. Since these excitations are virtually non-existent at temperatures
below 0.7 K, the cooling power below this temperature comes directly from the non-ideal
properties of the 3He quasiparticle gas in the 3He-4He solution.
The current technology for continuous cooling below 100 mK is the dilution
refrigerator. One of the major drawbacks of this type of refrigerator is that the 3He part
of the working fluid is circulated through the system by a pump at room temperature.
The pumping line into the low temperature space is large because the density of the 3He
gas that is pumped to room temperature is low. This makes the machine quite large and
is a source for a significant heat leak to the low temperature part of the machine. These
machines are very inefficient requiring kilowatts of power input to achieve microwatts of
cooling power at 100 mK. One possible alternative to the dilution refrigerator for cooling
below 100 mnK is a SJTR cycle used in combination with a cold cycle dilution refrigerator
(CCDR)2. In order for this combination of a CCDR and a SJTR to be realized the SJTR
must first be developed and experimentally demonstrated. This thesis is a description of
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the development, and experimental evaluation of the first superfluid Joule-Thomson
refrigerator.
1.2 The Joule-Thomson cycle
Because the SJTR is similar to the standard Joule-Thomson cycle one can
understand much about the SJTR by first examining the Joule-Thomson (J-T) cycle.
One example of a Joule-Thomson cycle is that of nitrogen. A plot of a nitrogen J-T cycle
on a temperature versus density chart and a schematic diagram of the cycle are shown in
Figure 1.I. The nitrogen is compressed from a pressure of 100 kPa to 3 MPa by a
compressor at room temperature. Then the high-pressure gas flows though the
recuperator where it is cooled at a constant pressure by the counter flowing low-pressure
stream. Next the nitrogen passes through the throttle and expands as the pressure is
reduced from 3 MPa to 100 kPa. The nitrogen cool as it expands through the throttle
because the Joule-Thomson coefficient, defined as
is positive for nitrogen. Here T is the temperature of the nitrogen, P is the pressure and h
is the enthalpy. It is the non-ideal behavior of the nitrogen that makes it cool as it is
throttled. (The Joule-Thomson coefficient is zero for ideal gases.) Heat is transferred
from the load as the nitrogen passes through the low temperature heat exchanger. The
low-pressure nitrogen then flows back up the heat exchanger along a constant pressure
curve (100 kPa) as heat is transferred from the high-pressure stream into the low-pressure
stream.
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Figure 1.1 Temperature density plot and schematic of a Nitrogen Joule-Thomson cycle.
Finally the low-pressure nitrogen enters the compressor and is compressed back high
pressure and enters the high temperature heat exchanger where it rejects the heat of
compression to ambient temperature. This thesis outlines the development of a cycle
similar to the nitrogen J-T cycle that provides cooling at temperatures below 1 Kelvin.
1.3 3He-4He Mixtures
The choices of working fluids for a sub-Kelvin Joule-Thomson refrigerator are
rather limited. The only stable fluids available for the task are 3He and 4He. These
helium isotopes remain liquids as the temperature approaches 0 K so long as the pressure
imposed on the liquid is not too high (less than 20 atmospheres).
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3He and 4He have been successfully used to provide cooling at temperatures
below I K3 and it is tempting to simply use the J-T effect by directly throttling 3He or4 He
in a J-T system. Unfortunately both of these fluids behave as incompressible fluids in the
temperature and pressure range of interest. Since the Joule-Thomson coefficient for an
incompressible fluid is negative, direct throttling of these liquids would result in heating
rather than cooling.
An understanding of some unique properties of these helium isotopes at low
temperatures is needed to understand how a mixture of 3He and 4He can be used as a
working fluid. Superfluidity (flow without friction) in 4He occurs at temperatures below
the superfluid transition temperature of 2.17 K. At the transition temperature part of the
4He fluid can flow without dissipation. More and more of the 4He becomes superfluid as
the temperature is reduced further until, at I K, virtually all of the 4He behaves as a
superfluid. Superfluidity is believed to be a manifestation of Bose-Einstein condensation
in the 4He, where the superfluid component is the Bose condensate. As a consequence,
the superfluid component carries no entropy.
Superfluidity does appear in He at very low temperatures (< 3 mK). These
temperatures are below the temperatures of interest; and consequently, 3He will be
assumed to be a normal viscous fluid throughout this work.
13
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Figure 1.2 Phase diagram for liquid 3He- 4He mixtures
A phase diagram for 3He He mixtures is shown on a temperature versus 3He
molar concentration plot in Figure 1.2. This diagram has three distinct regions for which
the behavior of the mixture is different. In the region above the k-line the mixture is a
homogenous viscous fluid. Below the lambda line and above the two-phase separation
line the fluid is a superfluid mixture consisting of superfluid 4He and normal 3He. In the
two-phase region the mixture separates into a 3He rich phase and a 4He rich phase. For
the purposes of this work the superfluid mixture region is the region of interest.
The behavior of 3He-4He mixtures in this region can be better understood by
considering the two-container system shown in Figure 1.3. These two containers are
connected by a channel filled with a porous plug. This plug, sometimes referred to as a
superleak for reasons that will become apparent, is riddled with extremely small
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(nanometer scale) pores. One container is filled with pure 4He and the other is filled with
liquid 3He_ He mixture. The entire system is held at a uniform temperature below the
superfluid transition temperature for the mixture. Under these conditions the 4He in the
system is superfluid and can flow without friction. As a consequence, the 4He can flow
freely through the porous plug between the containers. The 3He, which is as a viscous
fluid, cannot flow through the extremely fine pores of the plug. The effect is that the
porous plug acts as a semi-permeable membrane for the 3He_ He mixture, the superfluid
can "leak " across the plug whereas the normal fluid cannot.
In equilibrium the fluid level in the container with the 3He_ He mixture is higher
than that in the container with pure 4He. The pressure difference due to this fluid height
is the osmotic pressure of the 3He in liquid 4He. The osmotic pressure is the pressure
difference that the rigid semi-permeable membrane must sustain in order to maintain
equal 4He chemical potential in the two containers. For 3He-4He mixtures at temperatures
above I K and with low 3He concentrations it is observed that the osmotic pressure can be
approximately calculated using the ideal gas law,
P, =T (1.1)
V 3
where k is Boltzmann's constant, T is the temperature, and v3 is the molar volume of the
3He. The 3He behaves as a gas inside an inert liquid 4He background.
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Figure 1.3 System demonstrating the osmotic pressure of 3 He in 4He
Now that the nitrogen J-T cycle has been outlined and the unique properties of
3He-4He mixtures have been reviewed a further examination of the analogy between these
two working fluids is warranted. The T-X3 plot for 3He-4He mixture and the T-p plot for
nitrogen are juxtaposed in Figure 1.4. (Note that the k-line has been removed for the T-
X3 plot.) Several similarities between the two diagrams are evident when the two are
compared. First, in the shaded regions on each plot (the region of high T and low p on
the nitrogen diagram and high T and low X3 on the 3He- 4He diagram) the nitrogen and the
3He "gas" behave as ideal gases. Second, the regions under the "dome" in both plots are
two-phase regions. For the 3He-4He mixture the phases are the 4He rich phase (where the
3He behaves as a "vapor" in the 4He background) and the 3He rich phase (where the 3He
component behaves as a liquid). For nitrogen the two phases are saturated vapor and
saturated liquid. The nitrogen gas exhibits non-ideal gas behavior in the crosshatched
region near the two-phase line. This non-ideal behavior makes the nitrogen J-T cycle
16
300-
d3
E
Two Phase Region Two Phase Region
I I I 1 70
3He molar concentration Density (kg/m3i
Figure 1.4 A T-X 3 diagram for the 
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possible. By analogy the 3He should exhibit non-ideal gas behavior in the crosshatched
region of the T, X3 diagram. This analogy suggests that a Joule-Thomson refrigerator
using the 3He component of a 3He_ He mixture could provide cooling at temperatures
below 1 K. The new refrigeration cycle that uses 3He-4He as the working fluid cannot be
a duplicate of a standard J-T refrigerator, but rather, must be modified to accommodate
the inert 4He background.
1.4 The Superfluid Joule-Thomson Cycle
A schematic of the superfluid Joule-Thomson refrigerator (SJTR) is shown in
Figure 1.5. For now we will assume that the 3He compressor compresses only the 3He
component of the liquid He-He working fluid. This assumption will be examined in
further detail in section 1.5 of this thesis. Heat transfers in the compressor and in the
high temperature heat exchanger to the 1.2 K 4He evaporation refrigerator (1 K pot) hold
the temperature of the discharged mixture to 1.2 K. The high concentration mixture
discharged by the compressor enters the recuperator (a counterflow heat exchanger)
where it is cooled by the counterflowing stream to low temperature. The 3He component
17
4He refrigerator
(1.2)
Low I3He High 3He
concentration 3He concentration
comipressor- 1fghl n;Pe _
Flow heat exchanger Fo
Recuperator
Flow
_ ...... .. .. ........ L w t r p r t rI o  ternperat~lre.
Cooled heat exchanger
object Flow
TAT
. -- Superleak
Throttle
Figure 1.5 A schematic diagram of the superfluid Joule-Thomson refrigerator. The
working fluid is a 3He-4He mixturewhere the 3He component is circulated as indicated by
the arrows. The heat rejected is Qc, the heat transferred in the recuperator is Qrr, and,
the heat absorbed at low temperature is QJT.
of the stream exiting the lower end of the recuperator then enters the throttle valve and
"expands" into a low concentration 'He-4He mixture.. In analogy to the standard Joule-
Thomson gas throttling process, the temperature of the mixture is reduced during the
expansion process through the throttle. The mixture then enters the low temperature heat
exchanger where it absorbs heat from the load (QJT). Next the mixture enters the
recuperator where it is warmed back up by the opposing flow. Finally, the 3He enters the
compressor where it is recompressed to high concentration. Superleaks (porous plugs
with very small pores) in the compressor (not shown in Figure 1.5) and at low
18
temperature (shown in Figure 1.5) maintain a zero He chemical potential difference
throughout the machine and allow the 4He superfluid component of the mixture to flow
unimpeded throughout the cycle.
1.5 3He Compressor
The most challenging technical hurdle to realizing a successful SJTR is the
development of the compressor and the associated suction and discharge valves. The
compressor must compress only the 3He component of the mixture while the valves must
have low leak rates and minimal dissipation.
Figure 1.6 shows the four steps of a superfluid 3He-4He compressor cycle, which
was designed to compress only the 3He component of the mixture. During the suction
stroke the suction valve is opened and the compressor volume is increased to draw dilute
3He-4He mixture into the compressor. Next the suction valve is closed and the piston
compresses the 3He while the superfluid 4He component flows out through the superleak
and into the dilute phase reservoir. The discharge valve then opens and the concentrated
3He mixture is swept out of the compressor. The discharge valve closes and the
remaining 3He is expanded back to its original concentration as the 4He flows back
through the superleak, diluting the mixture. Then the suction valve opens as the
compressor volume continues to increase taking in the next charge of helium mixture.
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Figure 1.6 The four processes of the SJTR compressor. (a) Suction: The suction valve is
open and the compression volume is increased, drawing dilute mixture into the
compressor. (b) Compression: Both valves are closed and the compression volume is
decreased. 4He flows through the superleak into the dilute phase reservoir. (c) Discharge:
The discharge valve is opened and the concentrated mixture is forced out of the
compressor. (d) Re-expansion: The discharge valve is closed and the mixture remaining in
the compressor volume is re-expanded to the concentration of the dilute mixture. Note
that the valves are not shown when they are open.
The compressor suction and discharge valves must meet two performance
requirements for the compressor to work effectively. First the leak rate of 3He across the
valves must be small compared to the circulation rate of the working fluid. If the leak
rate is significant compared to the circulation rate the performance of the compressor set
will be poor. Also, the valves must dissipate little energy when they are opened and
closed. If this dissipation rate is too high the cooling power of the 1 K pot will be
overwhelmed.
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1.6 Thesis organization
The work for this thesis was done in four phases. First, valves suitable for use in
a SJTR were developed and characterized experimentally. Next, a compressor was
designed, built, and tested. After the compressor and valve performance was
characterized a complete proof-of-principle SJTR was developed and experimentally
evaluated. Finally, a detailed analytical model was developed to explain some of the
experimental results of the SJTR tests. Each of these four phases of the work are
described in the next four chapters of this thesis.
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Chapter 2
2 Valve Development
2.1 Introduction
The most difficult technical hurdle to realizing a working SJTR is the compressor
and its associated suction and discharge valves. "High dissipation" superfluid tight
valves have been successfully developed for use below 2 K ,2,3,45. These valves were
used as fill valves for low temperature apparatus so they were designed to be supefluid
tight, but dissipation was not a consideration because they were not designed to be used
continuously. Also, low dissipation valves have been successfully used at temperatures
6
of 4.5 K in the Boreas cryocooler . However, the cooling power of the SJTR is much less
than that of a 4.5 K cryocooler and the working fluid circulation rates are also much
lower so the dissipation and leak rates must be smaller for the SJTR valves. The SJTR
compressor valves need not be superfluid tight valves but rather must operate at low
temperature, have low-dissipation, and not leak significant amounts of normal 3He. We
outline here the design and performance of a low-dissipation valve appropriate for use in
the superfluid Joule-Thomson refrigerator as well as other refrigeration cycles that
require low temperature valves.
2.2 Design and Construction
The valve, shown in Figure 2.1a, consists of a valve body, an upper and lower
7flange which are connected to the valve body by edge welded stainless steel bellows , a
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PCTFE (also known as Kel-F or Neoflon) seat, a polished stainless steel head, a set of
three mounting bars, a set of three stay bars, a mounting flange, a valve control rod, and
two inline flow filters.
The flanges on the outside ends of the bellows are rigidly attached to each other
by three stay bars that float freely in holes through the valve body. This opposing
bellows design serves many purposes. The bellows provide a low dissipation seal
between the exterior and the interior of the valve. In addition, the opposing bellows
geometry cancels the forces due to the differential pressure between the exterior and the
interior of the valve. Finally, the bellows lateral rigidity reduces the (dissipative)
tendency for the valve head and seat to slide laterally as they contact each other. (The
measured combined lateral stiffness for the two bellows is 75 N/mm ± 15 N/mm, which
compares well with the manufacturer's value of 60 N/mm.) The lateral spring constant is
9 times larger than the axial spring constant.
The quality and the alignment of the sealing surfaces are critical to achieving low
leak rates and low sealing forces in this valve. The sealing surface of the stainless steel
valve head was polished to a mirror finish using 1- tm diamond grit. The precise
alignment of the valve head and seat was achieved in the final assembly step of the valve.
In this step, Stycast 28508 was placed in the conical cup in the back of the stem head (see
Figure 2.1b) and the valve was weighted in the closed position. The epoxy was then
allowed to cure with the head and seat in the aligned position.
23
a)
Outlet
Inlet tube
tube
Slide
bearing
Filter
M
b
(.
Stainless
steel head
seat-
- 4 .83 cm-
Brass top
2850 epoxy flange
--- Stainless
steel head
PCTFE
seat
Figure 2.1 a) Drawing of the valve. The left hand sectional view shows the valve components
including the seat, the head and the fluid passages. The right hand view is an external view of the
valve with sections to show how the stay bars and the mounting bars are connected to the valve.
Only one of the three stay bars and one of the three mounting bars are shown. These bars are
equally and alternately spaced around the axis of the valve. The drawing is to scale. b) A
detailed view of the valve stem and seat showing the valve head epoxy joint.
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PCTFE was chosen as the valve seat material because it has been used
successfully in previous low temperature valves and is more durable than other
alternatives such as Teflon9 (PTFE). The valve seat was bonded to the valve body by
etching the PCTFE with Chemgrip'0 and then using Stycast 1266 to epoxy the seat in
place.
The inline 10 pm-pore screens installed on the inlet and outlet capillary tubes
prevent particles from accumulating on the seat of the valve. Initially, we did not install
these filters and found that particles would imbed themselves in the valve seat, leading to
poor valve performance.
2.3 Test Procedure and Apparatus
The valve was tested over a range of differential pressures using the apparatus
shown in Figure 2.2. The weight platform at the top of the valve cryostat is directly
connected to the top flange of the valve by a thin walled stainless steel tube. When there
are no weights on the weight platform, the valve is in the open state. The valve is closed
by placing weights on this platform. A 0.6 kgf force is required to move the head
approximately 0.7 mm from the fully open position to first contact with the seat.
Consequently, the actual force exerted on the seat by the head is 0.6 kgf less than the
weight placed on the platform. A large gas cylinder with an internal volume of
approximately 40 liters is used as a ballast volume to provide a constant pressure source
of helium to the valve during the tests. A liquid nitrogen cold trap between the ballast
volume and the low temperature valve removes any contaminants in the helium during
testing. Although schematically shown as a single container, the 0.2 liter receiver volume
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is actually the internal volume of the pressure gauge and the connecting line to the
cryostat. The pressure gauge is a Wallace and Tiernon FA145 pressure gauge that has
a range of 0 tol5 psi (0 tol03 kPa) and could be read to increments of 0.01 psi (70 Pa).
Two different methods were used to find the leak rate through the low temperature
valve. In the first method, both sides of the open valve and the receiver volume were
evacuated. The valve was then cooled to 4.2 K by immersing it in liquid helium. After
the valve had cooled, weights were added to the weight platform to close the valve.
Valves Vi and V2 were then opened between the ballast volume and the low temperature
valve, allowing the constant pressure helium in the ballast volume to flow through the
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cold trap to the low temperature valve. We kept the ballast volume pressure less than 80
kPa to assure that the helium flowing through the valve was gas at 4.2 K. We recorded
the pressure in the receiver volume as a function of time. The leak rate through the valve
was inferred from the receiver volume's temperature, volume and the ideal gas law. We
conducted these tests with 8.0, 9.0 and 10.0 kgf loads on the weight platform.
The second method was similar to the first except that after the valve and receiver
volume were evacuated at room temperature and a 10 kgf preload was placed on the
weight platform for 45 minutes. Following this, the valve was cooled to 4.2 K under this
load. The preload was then removed and leak rates were measured for 6.0, 8.0 and 10.0
kgf loads in the same manner as described above.
2.4 Results and Discussion
The results of the no preload tests are shown in Figure 3 for 8.0, 9.0 and 10.0 kgf
loads. Note that the load value quoted in Figure 2.3 and throughout this chapter is the
actual weight on the weight platform. As indicated earlier the force on the valve seat is
0.6 kgf less than the actual weight. As expected, the leak rate through the valve
decreases as the load on the valve stem head is increased for fixed differential pressure
and increases linearly with the differential pressure across the valve.
The results of the preloaded valve tests are shown in Figure 2.4 as points linked
by solid lines for 6.0, 8.0 and 10.0 kgf loads. Once again, the leak rate through the valve
decreases as the load is increased for fixed differential pressure and increases linearly
with the differential pressure across the valve; however, these preloaded valve leak rates
are 30 to 50 times smaller than the non-preloaded leak rates of Figure 2.3.
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Figure 2.3 Graph of molar leak rates through the valve versus differential pressure across the
valve for tests without pre-loading and with the valve at a temperature equal to 4.2 K.
This dramatic difference in the flow properties of the closed valve can be
understood by considering the properties of PCTFE as a function of temperature. At
room temperature PCTFE exhibits creep. If the valve is preloaded at room temperature,
the PCTFE will creep to fill small imperfections between the valve stern head and the
seat. At low temperature however, the PCTFE behaves as an elastic solid and does not
creep under load. Consequently, when the valve is cooled with a pre-load these
imperfections are filled and the leak rates are lower than in the un-preloaded case.
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Figure 2.4 Graph of molar leaks rates through the valve versus differential pressure across the
valve for tests with pre-loading. The data points connected by the solid and dashed lines are
from the first and second set of tests respectively. The data indicated by triangular, square, and
circular markers are for 6 kgf, 8 kgf, and 10 kgf loads respectively. The data points connected
by the dotted line are from the 18 hour test.
We were concerned about the repeatability of the leak rates for the preloaded
valve. After cycling the valve to room temperature we repeated the preloaded valve
tests at 4.2 K. The leak rates, shown as data points linked by the dashed lines in Figure
2.4, are similar to those from the first set of tests.
We were also concerned that the preloaded valve seat might relax back to its
original shape if the valve was left open for long times at low temperature. To test for this
effect, we left the valve open for 18 hours at 4.2 K. We then closed the valve with a 10
kgf load and tested the leak rate through the valve. The results of this test are shown as
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data points linked by the dotted line in Figure 2.4; clearly, there was no appreciable
change in the leak rate of the valve.
2.5 Dissipation Estimate
We use a finite element model of the valve head and seat to determine the overall
deflection of the seat and the work done on the valve seat by the actuating force. The
seat at low temperature is modeled as a two-dimensional axis-symmetric, linear elastic
material. A diagram of the mesh used is shown in Figure 2.5. In this model, we use the
20 K values for PCTFE's Young's modulus, E, and Poisson's ratio, v, which are 8.68 GPa
and 0.3, respectively". Unfortunately, we do not have 4.2 K values for E and v for
PCTFE; but for plastics similar to PCTFE, E and v do not vary substantially between 4.2
K and 20 K1 .
The stainless steel head is modeled as an axisymmetric elastic material with a
modulus of elasticity equal to 190 GPa and a Poisson's ratio of 0.305 1 The interface of
the valve head and seat is modeled as a 0.1 mm wide flat annulus, corresponding to the
sealing surface observed experimentally after the valve seat had been preloaded at room
temperature with 10 kgf.
The PCTFE to brass epoxy joint on the inside surface of the seat is modeled using
a zero displacement boundary condition. The same type of boundary condition is
imposed to model the PCTFE to brass epoxy joint along the lower surface of the seat.
The stem head and valve seat boundary is modeled by matching the normal forces in the
head and seat surfaces and assuming that there are no shear forces between the head and
seat surfaces. The load to the valve is simulated by applying a uniform pressure on the
top surface of the head. All other surfaces are modeled as free surfaces.
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with loading and boundary conditions.
The dissipation per operating cycle of the valve (open-close-open) can be
estimated as the product of the loss tangent and the maximum energy stored in the
PCTFE. (The loss tangent is defined as the ratio of the dissipated energy to the total
strain energy of a material as that material is deformed.) We were unable to find a low
temperature value for the loss tangent of PCTFE. However, we were able to find
values for similar polymers at low temperature such as HDPE and PTFE (Teflon)9 and
since the loss tangents for all these polymers are less than 10-3 for temperatures below
10 K , we assume that a good upper bound for the PCTFE loss tangent is 10-3.
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The results from the finite element model show that the deflection for a 10 kgf
load at the stem head-seat interface is 2.73 gin. From these results the work done on the
seat as the force on the valve is ramped from 0 to 10 kgf is 134 sJ
(=1/2(2.73gm)(10kg)(9.8 m/s2)). Consequently, with a loss factor of 10-3, the estimated
energy dissipated per cycle is 0.1 J.
In our finite element model, we neglect the dissipation due to the flexure of the
supporting metal parts in the valve. The moduli of elasticity for brass and stainless steel
are much larger than the modulus of elasticity of the PCTFE (106.0 and 190.0 GPa,
respectively, versus 8.68 GPa) . In addition, the metal parts support the load over a
larger cross-sectional area than the PCTFE valve seat. Consequently, the energy storage
in the metal parts of the valve is one fortieth of the energy stored in the valve seat. The
loss tangents of brass and stainless steel are of order 10-4 at room temperature 4 . If we
assume a "worst case" loss tangent of 10-3, we find that the dissipation in the metal parts
is at least a factor of 10 below our 0.1 J/cycle estimate above.
Brisson and Swift tested bellows similar to those used in this valve and found that
the dissipation is approximately 1 J per compression-expansion cycle for a 1 mm
stroke' 5 . Since the deflection of the bellows in our valve is 0.7 mm, the dissipation of the
valve will be dominated by the bellows losses, (2gJ for the two bellows) and not by the
losses in the PCTFE seat (-0.1 J).
We do not include the dissipation from the slide bearing on the actuation rod in
the estimate of the total dissipation because the bearing can be thermally isolated from
the valve and thermally connected to a higher temperature heat sink.
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In addition, we do not include any losses due to the valve head sliding
horizontally on the valve seat. This loss mechanism can easily dominate the total
dissipation of the valve. For example, with a 10 kgf load on the valve, a 0.07 Rm slip
between the valve head and the seat results in 2 LJ of heating, which is comparable to the
bellows heating cited above. (We have assumed that the coefficient of friction between
the head and the seat of the valve is 0.3"1.) Clearly, larger horizontal displacements as
the valve head and seat come into contact will result in even larger energy dissipation in
the valve. For this reason, the analysis above only provides a lower bound of 2 RJ/cycle,
due entirely to bellows dissipation (2 bellows x I pJ/cycle/bellows).
2.6 Projected Performance in the SJTR
We are primarily interested in using this valve to control the flows of 3He-4He
mixtures in a superfluid Joule-Thomson refrigerator. Acceptable leak rates are entirely
determined by the particular SJTR design. In Brisson's analysis of the SJTR16 the molar
flow rate is 300 imoles/s with typical pressure differentials of 30 kPa. The heat rejected
by this SJTR is 1.3 mW with a compressor cycle time of 30 seconds. We have arbitrarily
decided that an acceptable valve design will leak no more than I% of the total circulation
flow rate (or a leak rate of 1.5 kmole/s per valve in this case) and will dissipate no more
than 1% of the total heat rejected by the SJTR (or a maximum dissipation rate of 200
jfJ/cycle with a 30 second cycle).
Since the measurements made here are not with a superfluid 3He_ He mixture but
rather with 4He gas, the results must be scaled from measured 4He flow rates to expected
H molar flow rates using
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N3 =N 4 J + (2.1)
where P4 is the density of helium gas at 4.2 K and 80 kPa (12.35 kg/m3)'7 , p3 is the
density of the 3He in a 10% 3He-4He mixture (17.65 kg/m 3), J14 is the viscosity of helium
gas at 4.2 K (1.19 gPa S)17 and 13 is the viscosity of liquid 3He at 0.5 K at the average
concentration (7%) of 3He-4 He (2.0 pPa s)18. From this, we expect the 3He molar leak
rate at 0.5 K to be 0.85 times the measured leak rate of 4He gas at 4.2 K. These estimated
molar leak rates, as a function of differential pressure, are shown on the solid line in
Figure 2.6.
If this valve were used for the SJTR compressor discharge valve, which separates
the concentrated helium phase from the dilute phase of the mixture, similar analysis
results in the molar leak rates shown in Figure 2.6 by the dashed line. Since we expect
the typical pressure across either valve in the SJTR to be 30 kPa, we see that this valve
design has a leak rate that is easily 8 times smaller than the maximum acceptable leak
rate for the SJTR valves.
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Chapter 3
3 Compressor Development
3.1 Introduction
The performance of the SJTR compressor dictates the size of the other elements
in the SJTR. For example, the throttle needs to match the flow rate and pressure ratio
developed by the compressor. If the throttle is too restrictive the circulation rate of 3He
in the machine will be too low and the refrigerator will not have sufficient cooling power.
If the throttle is not restrictive enough the flow rate will be large but there will not be a
sufficient pressure drop across the throttle to achieve a significant cooling effect. The
heat exchangers must also be designed to match the compressor performance so that the
pressure drop in the heat exchangers is minimal and the heat transfer is maximized.
Hence, the compressor performance must be characterized before the throttle and heat
exchangers in the SJTR are designed.
In this chapter the design and performance of the SJTR compressor is discussed.
This discussion includes a description of the compressor construction, a description of the
experimental procedure, presentation of the experimental data, and conclusions about the'
compressors performance in a SJTR.
3.2 Compressor Design
The compressor, shown in Figure 3.1, consists of a copper compressor body, brass
top and bottom flanges that are connected to the body with edge welded stainless steel
bellows, three brass stay bars that connect the two flanges, three superleaks through the
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Figure 3.1 Sectional view of the compressor.
body of the compressor that connect the two chambers created by the bellows, and low
dissipation suction and discharge valves. The compressor and valves are driven by
control rods that run from the top flanges of the compressor and valves to drive cams at
room temperature. The overall dimensions of the compressor piston assembly are 8.6 cm
in diameter by 8.9 cm tall.
The internal volume of the bottom bellows is the compression chamber and the
internal volume of the top bellows is the dilute phase reservoir. Both bellows are Senior
Flexonicsi edge welded bellows (type 60060) and have a 6.5 cm outer diameter, a 4.4 cm
inner diameter, a characteristic length of 2.46 cm and a stroke length equal to 1.8 cm. The
effective cross sectional area of the bellows is 23.42 cm 2 . The displaced volume for a 1.8
cm stroke is 42.16 cm 3. A copper block is attached to the bottom flange to displace most
of the internal volume when the bellows is in the compressed position so that the dead
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volume in the compression chamber is minimized and the concentration (compression)
ratio is maximized.
The top and the bottom flanges are connected by three brass stay bars, so that a
change in the volume of one chamber is balanced by an equal but opposite change in the
other chamber. Consequently, the dilute phase reservoir expands during the compression
process and makes room for the superfluid 4He component that flows through the
superleaks from the compression chamber.
The superleaks, which allow the superfluid 4He component of the mixture to flow
freely from the compression chamber to the dilute phase reservoir when the valves are
closed, are made from 0.95 cm diameter porous Vycor 2 glass cylinders that are 3.8 cm
long. We used Stycast 12663 epoxy to secure the Vycor cylinders into three holes drilled
through the compressor body. The total cross sectional area of the three superleaks is
sized so that the velocity of the superfluid 4He in the superleaks does not exceed the
critical velocity during the compression process when the compressor cycle time is 20
seconds. These calculations were base on 28% void volume for the Vycor, an average
pore size of 4 nm and a critical velocity for 4He within the Vycor equal to 20 cm per
second4.
As discussed in the previous chapter the suction and discharge valves use a
polished stainless steel stem and a PCTFE seat that is designed for low energy
dissipation. The thermal dissipation for each valve is estimated to be 2 pJ/cycle and leak
rates are less than 0.3 gmoles/s for the operating pressures in the SJTR. This leak rate is
negligible compared to the anticipated 100 imoles/s circulation rate for 3He in the SJTR.
39
The valve assemblies are separate from the compressor piston assembly and are 4.1 cm in
diameter by 6.4 cm tall.
3.3 Test Apparatus
Figure 3.2 is a drawing of the compressor test apparatus. The compressor piston
assembly, a suction valve and a discharge valve are mounted to a copper plate that is
maintained at 1.2 K by a helium evaporation refrigerator. A secondary copper platform,
thermally linked to the compressor platform with copper rods, supports two pressure
gauges, a calibrated germanium thermometer and a copper block that contains additional
suction and discharge volumes connected by a 1.27 cm diameter Vycor superleak. This
superleak allows the superfluid 4He component of the working fluid to move freely from
one volume to the other assuring that the chemical potential of the 4He is uniform
throughout the system. The suction and discharge volumes are in good thermal contact
with each other and the compressor body so that the temperature of the entire test
apparatus can be assumed to be spatially uniform.
The valves in Figure 3.2 do not have the opposing bottom bellows like the valve
discussed in Chapter 2 of this work. These bellows were removed from the compressor
valves and blank flanges were installed because these bellows leaked when the machine
was cooled below 2 K. These valves can be operated without causing large pressure
variations in the apparatus because the valve displacements are small. The small volume
displaced by the actuating valve can be absorbed by a slight distension of all the bellows
in the test apparatus.
The low-pressure side of the system, including the suction volume and the dilute
phase reservoir, has a volume equal to 120 cm 3. The high-pressure side of the system,
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Figure 3.2 Schematic of the compressor test apparatus
including the discharge volume, has a volume equal to 13 cm 3. The two capacitance-
type pressure gauges are used to measure the pressure in the suction and discharge
volumes in the block.
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Figure 3.3 A heuristic drawing of a pressure gauge. The material is brass.
The pressure gauges are of the Straty-Adams type5 shown heuristically in Figure
3.3. They consist of a pressure chamber, a diaphragm, two brass plates, an outer case, a
cover, and two electrical connections. As the pressure in the chamber changes the
diaphragm flexes causing the brass plate attached to the stem on top of the diaphragm to
move relative to the fixed plate attached to the outer case. This results in a change in the
capacitance measured between the two brass plates. The pressure gauges are each
connected to a General Radio 1615-A capacitance bridge and are excited by a General
Radio 1311-A audio oscillator. The excitation frequency for one pressure gauge was 400
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Hz and the other was 1000 Hz. Princeton Applied Research 5101 lock-in amplifiers were
used as null detectors for the capacitance bridges.
The pressure gauges were calibrated in situ when the apparatus had been cooled to
4.2 Kelvin. Initially, the bridge connected to the pressure gauge was balanced when there
was no helium in the test apparatus and hence the pressure gauge. A fixed amount of
gaseous He was introduced into the test apparatus and allowed to come to thermal
equilibrium. The pressure in the apparatus was measured using a Wallace and Teirnan
FA 145 precision pressure gauge (accurate to ±1.5 torr). The gas pressure changed the
capacitance of the pressure gauge that, in turn, unbalanced the capacitance bridge. The
voltage output from the lock-in amplifier due to this imbalance of the capacitance bridge
was recorded. The procedure was repeated for different pressures ranging from 0 torr to
705 torr. The pressure versus voltage calibration curves generated from this data are
shown in Figure 3.4.
The temperature of the secondary platform was measured using a calibrated
germanium resistor obtained from Lake Shore Cryotronics. The resistance of the
thermometer is measured using a four-wire technique. The thermometer at low
temperature is in series with two resistors at room temperature. One is a 1.4 megaohm
resistor used to make the total resistance of the circuit essentially constant as the
temperature and the resistance of the thermometer changes. The other is a Vishay
precision 1000 ohm resistor with an accuracy of 0.005%. An Ithaco Dynatrac 391A
lock-in amplifier is used to excite the circuit and to measure the voltage drops across the
precision resistor and the thermometer. The amplitude of the excitation voltage and the
sensitivity of the lock-in amplifier is adjusted until the output from the lock-in amplifier
43
800
700
600
500
400
300
200
100
n
0 0.5 1 1.5 2 2.5 3 3.5
Volts
Figure 3.4 Pressure gauge calibration curves. The solid line is the calibration curve for
gauge 1. The dashed line is the calibration curve for gauge 2.
is 1.00 volts when the voltage across the precision resistor is measured. Once the
amplitude of the excitation voltage and the sensitivity of the lock-in is set, the resistance
of thermometer is determined by using the lock-in to measure the voltage across the
thermometer and multiplying the output voltage of the lock-in by a factor of 1000. A
calibration curve of temperature versus resistance from the thermometer manufacturer
was used to determine the temperature. The uncertainty of the temperature
measurements is ± 0.67 mK at 1.0 K.
The 4He evaporation refrigerator (lK pot), shown in Figure 3.2, consists of a hollow
copper cylinder with a 2.85 cm inside diameter, a 24.77 cm length, and a 0.64 cm wall
thickness. The pot is connected to a vacuum pump at room temperature via a pumping
line made of thin wall stainless steel tube. The pumping line has a 0.3 cm diameter
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P2 =39.319v - 163.32v + 731.71v
P= 0.8578v 13.836v + 252.01v
where it exits the top of the copper cylinder. This small diameter ensures that the
convective heat leak due to the flow of the superfluid film that coats the inside of the pipe
is held to a reasonable level. The rest of the pipe steps up in size from 1.9 cm diameter as
it passes through the top flange of the vacuum can to a 10.2 cm diameter at the room
temperature flange on the top of the machine to avoid limiting the pumping speed
through the pipe. The 1 K pot is also connected to the helium bath surrounding the
vacuum can by a fill capillary with a 0.1 mm diameter that allows the helium in the pot to
be continually replenished. The length of this capillary was sized so that the cooling
power of the I K pot is approximately 18 milliwatts.
6The fill capillary was sized using the procedure proposed by DeLong et al. The
capillary is characterized by a quantity called the impedance factor, Z, that is calculated
with room temperature measurements using the equation,
Z = (I / 7)AP /# , (3.1)
where AP is the pressure drop required to cause the volume flow rate V for a gas with
viscosity ;7. We bubbled helium gas through the capillary into an inverted graduated
cylinder filled with water to determine the volume flow rate through the capillary. For a
capillary 0.1 mm in diameter and 2 m long the volume of helium passing through the
capillary in 24 minutes with a 111.45 kPa pressure drop was 21 cm3. Using this data and
the viscosity for helium at room temperature, 77= 20.1 x 10-6 kg/m-s, Z was calculated to
be 0.38 x 1011 (1/cm 3). By extrapolation from DeLong's data we estimated the cooling
power to be 18 mW.
A DC gear motor coupled to a drive shaft with three cams (not shown in Figure 3.2)
is used to drive the compressor and the valves via control rods that run from room
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temperature down into the cryostat. The valve timing can be adjusted by rotating the
valve control cams relative to the compressor control cam on the drive shaft. The
compressor cycle time is controlled by changing the voltage supplied to the DC motor.
The compressor's piston position is monitored using an in-situ linear transducer that is
attached to the piston drive rod.
The linear transducer used to measure piston position is a low temperature linear
variable differential transformer based on a design by Backes7 . A 5 kHz signal with a
magnitude of 0.2 V rms is used to drive the source coil. The induced voltage on the
pickup coil is measured using a Princeton Applied Research Model 124A lock-in
amplifier. The sensitivity of the measurement system including the lock-in and the
transducer at 1.2 Kelvin is 0.608V/mm.
The entire test apparatus is enclosed in a vacuum can that is immersed in a 4.2 K
liquid helium bath during operation.
3.4 Predicted Performance
We can obtain an estimate of the compressor's steady state performance by
considering a compressor operating with a fixed 3He concentration at the suction port.
For example consider that the He mixture entering the compressor has a temperature
equal to 1.2 K and a 2% 3He concentration. The discharge volume has a 3He
concentration equal to the product of the suction concentration and the concentration ratio
(cr).
The maximum theoretical concentration ratio depends on the volume of the
compressor when it is fully expanded and on the volume of the compressor when it is
fully compressed. Based on measurements of the compressor, valves and connecting
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tubes the maximum volume of the compressor was calculated to be 43.8 cm 3 and the
minimum (dead) volume of the compressor was calculated to be 5.3 cm 3.
Standard compression processes are best approximated by an adiabatic model
because little heat transfer occurs between the gas and the compressor during the
compression process. But an isothermal model is a better approximation of the
performance of the 3He compressor for two reasons. First, the compression process is
much slower than for a standard compressor so significant heat transfer can occur during
the compression process. (Typical compression times for the 3He compressor are tens
seconds of versus tens of milliseconds in standard compressors.) Also, the 3He is in
intimate thermal contact with the phonons and rotons associated the normal component of
the 4He, which have a significant heat capacity at 1.2 K. This additional heat capacity
tends to hold the temperature close to 1.2 K as the 3He is compressed.
A 3He concentration-volume (X-V) diagram of a representative isothermal
compression cycle is shown in Figure 3.5. The isothermal compression (process 1 to 2)
starts with 2% 3He concentration in the compressor and ends when the concentration in
the compressor is equal to the concentration in the discharge volume. The discharge
valve is opened at state 2 and the volume in the bellows continues to decrease pushing
concentrated mix into the discharge volume (process 2 to 3). Once the compressor has
reached the minimum volume at state 3 the discharge valve is closed and the bellows is
expanded isothermally with both valves closed until the concentration in the compressor
is equal to the suction concentration in state 4. Then the suction valve is opened and the
bellows continues to expand to the maximum volume taking in a new charge of low
concentration mixture (process 4 to 1).
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The amount of 3He that is discharged from the compressor during the process
from state 2 to state 3 can be determined by calculating the amount of 3He in the
compressor at state 1 (ni) and subtracting the amount of 3He in the compressor at state 3
(n3). The concentration at state 3 (X3 )3 is calculated as the concentration ratio (cr) times
the concentration at state 1 (X3)1. The molar volumes of the 3He at state I and state 3 are
calculated using the relation from Radebaugh's equation of states, which is
27.58
v(X3)= +7.60+1.65X 32 (3.2)
X3
where v is the molar volume of 3He in cm3/iole and X3 is the molar concentration of 3He.
The number of moles in the compressor for any state in the process is calculated by
dividing the volume of the compressor at that state by the molar volume of the 3He at that
state. The number of moles of 3He compressed per cycle as a function of the
concentration ratio (cr) is given as
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"" ' 3 = v((X),) v((X), xcr) (3.3)
where VI,.X is the maximum volume of the compressor in cm 3, Vj,,i is the minimum
volume (dead volume) of the compressor cm 3, v is the molar volume in cm 3/mole
calculated using equation 3.2, and cr is the concentration ratio. A graph of the expected
3He molar flow rate vs. concentration ratio for the isothermal compressor operating at a
rate of one cycle per minute is shown in Figure 3.6.
1 -
0.5
0.45
0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05
0
0 2 4 6 8
Concentration Ratio
Figure 3.6 A plot of the predicted 3He molar flow rate versus concentration ratio for the
compressor operating at one cycle/min.
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3.5 Test Procedure
The compressor was prepared for operation by cooling it to 1.2 K then filling the
apparatus with a 3He-4He mixture with a 3% 3He concentration. Both the suction and
discharge valves in were left open during the filling process to allow liquid mixture to
completely fill the test apparatus. A fill valve (not shown in the Figure 3.2, but mounted
on the compressor platform) was then closed to isolate the mixture in the apparatus. The
fill line between the cold fill valve and room temperature was then evacuated to reduce
the thermal leak to the compressor platform. The compressor valves were closed and
reset so that they were actuated by the drive cams at the top of the cryostat.
The compressor was driven at a fixed speed of one cycle every 60 seconds and the
pressures in the suction and discharge volumes and the temperature of the apparatus were
recorded using an automated data acquisition system. As the compressor pumped the 3He
from the volume connected to the suction side into the volume connected to the discharge
valve of the compressor the pressure on the suction side dropped and the pressure on the
discharge side rose. We allowed the compressor to run until the pressure on both sides of
the system had reached steady values.
3.6 Experimental Results
Figure 3.7 is a plot of the pressure on both the suction and discharge sides of the
system as a function of time. The cyclic oscillations in the pressure traces can be
attributed to cyclic volume variations within the compressor. These volume changes can
be attributed to two sources. First, the volume changes of the two compressor bellows
do not match exactly therefore the total volume of the system changes throughout the
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cycle. Second, as the valves open and close their volumes change because the matching
bottom bellows had been removed.
These cyclic variations can be compensated for by plotting the difference between
the pressure on the two sides of the system at a specific point in the compressor cycle as a
function of time. The resulting graph is shown in Figure 3.8. Using the relationship
between osmotic pressure, temperature and concentration in Radabaugh's tables the
concentration ratio was calculated from the pressure and temperature data. The
maximum compression ratio for the compressor was calculated using the final steady
state pressures in the suction and discharge volumes and the temperature.
The molar flow rate of 3He from the compressor at a given time was estimated by
using the change in pressure on the discharge side of the system to calculate the number
of moles of 3He contained in that volume. The difference in moles contained on the
discharge side for adjacent data points was divided by the time between the data points to
give an estimate of the molar flow rate. A graph of 3He molar flow rate versus
concentration ratio is shown in Figure 3.9. The 3He molar flow rate decreases linearly as
a function of concentration ratio for flow rates below 130 tmole/second.
The deviation from this linear behavior at higher flow rates might be attributed to
viscous pressure losses in the tubes between the compressor and the discharge volume
where the discharge pressure is measured. However, calculations using the known tube
diameters and valve geometries in the test apparatus suggest that these effects are small.
There may be some partial obstruction in one of the tubes that may account for this
effect. However, further investigation of this was not pursued because the compressor
does not operate at these high flow rates in the SJTR.
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For a SJTR with a 100 gmole/second 3He flow rate this compressor would be
capable of a concentration ratio of approximately 4:1 (See Figure 3.9) when operating
with a 60 second cycle time. This value is not as high as predicted by our simple
isothermal model. One possible reason for this discrepancy is that our simple model did
not account for any distension of the bellows due to pressure changes during the
compression process. Also, our account of the dead volume in the system may not be
accurate. Assuming that viscous dissipation is not a significant factor the molar flow rate
for this concentration ratio could be improved by running the compressor with a shorter
cycle time. These results indicate that this compressor is suitable for use in a proof of
principle SJTR.
900
800 -
0
500 -
400
a- 300
200
100
0
0 200 400 600 800 1000
Time (seconds)
Figure 3.7 Results compressor test. Pressure on each side of the compressor versus time. The
dashed line is the pressure on the suction side. The solid line is the pressure on the discharge side
of the compressor.
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Figure 3.8 Pressure difference across the compressor superleak when the compressor is at top-
dead center as a function of time.
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Figure 3.9 3He molar flow rate versus concentration ratio with a 60 second cycle time.
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Chapter 4
4 Experimental Evaluation of the SJTR Concept
4.1 Introduction
After the compressor and valves were designed and characterized the rest of the
SJTR was developed to match the compressor performance characteristics. This included
designing and building a recuperator, a low temperature heat exchanger, and a throttle.
This chapter outlines the experimental evaluation of the resulting proof-of-principle
SJTR.
4.2 SJTR Description
The SJTR, shown in Figure 4.1, was constructed by adding a recuperator, a
throttle, a superleak in parallel with the throttle, a low temperature heat exchanger, two
thermometers and a heater to the compressor test apparatus described in Chapter 3 of this
thesis.
The recuperator is a coaxial counter flow heat exchanger constructed of two
pieces of thin wall stainless steel tube 90 cm long. The inner tube has a 0.32 cm outer
diameter and a 0.25 mm wall thickness. The outer tube has a 0.64 cm outer diameter and
a 0.25 mm wall thickness. The 90 cm long recuperator is wound into a coil that is 10 cm
diameter by 7 cm tall. A drawing of the cross-section of the recuperator is shown in
Figure 4.2.
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Figure 4.1 Drawing of the SJTR showing the compressor, valves, high temperature heat
exchanger, suction and discharge reservoirs, recuperator, low temperature heat exchanger,
pressure transducers and thermometers
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Figure 4.2 Cross-sectional view of recuperator tubes. The shaded areas are the tube
walls. The white areas are the flow passages.
The low temperature heat exchanger consists of a 2 cm diameter cylindrical piece
of OFHC copper 4.5 cm long with 1 mm diameter holes drilled through it to create 12
parallel fluid flow passages along the axis of the cylinder. Brass caps were silver
soldered over the ends of the copper cylinder so that there was a flow distribution space
between the face of the copper cylinder and the brass cap.
Two sets of measurements were made each using a different sized throttle. The
"long" (high impedance) throttle is made from a 3.9 meter long piece of copper nickel
capillary tube with an inside diameter equal to 0.10 mm. The "short" throttle has the
same inside diameter but is 0.67 meters long. The superleak across the throttle is 0.95 cm
in diameter by 1.27 cm long.
One calibrated ruthenium oxide thermometer' is mounted to the low temperature
heat exchanger and another is mounted at the inlet side of the throttle. The four wire
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measurement technique used for these sensors is the same as that used for the germanium
thermometer that is described in Chapter 3 of this work. The heater, a 1000-ohm metal
film resistor, is attached to the low temperature heat exchanger. Figures 4.3 and 4.4 are
photographs of the SJTR apparatus.
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Figure 4.3 Photograph of the SJTR. West view.
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Figure 4.4 Photograph of the SJTR. East view.
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4.3 Experimental Procedure
The SJTR was prepared for operation by cooling it to 1.2 K then filling the
refrigerator with a 3He--4He mixture with a 3% 3He concentration. All the valves in the
SJTR were left open during the filling process to allow liquid mixture to completely fill
the SJTR. A fill valve (shown in the Figure 4.4, and mounted on the compressor
platform) was closed to isolate the mixture in the SJTR. The fill line between the cold fill
valve and room temperature was then evacuated to reduce the thermal leak from 4.2 K to
the compressor platform. The compressor valves were closed and reset so that they were
actuated by the drive cams at the top of the cryostat. The compressor was then driven at
fixed speed and the SJTR was allowed to reach steady state with no heat load applied to
the low temperature heat exchanger. The low temperature heat exchanger temperature,
the throttle inlet temperature, the secondary copper platform temperature, and the
pressures in the low concentration and high concentration chambers of the volume block
were recorded during this process using an automated data acquisition system.
Following these measurements a l0-jwatt heat load was applied to the low
temperature heat exchanger with the 1000-ohm electrical resistive heater. The power
supplied by the heater was determined using a four-wire measurement. The refrigerator
was allowed to come to steady state and the quantities discussed in the no-load case
above were recorded using the automated data acquisition system. This procedure was
repeated for 20, 30, 60, 120, and 200 ptwatt heat loads. Next the machine was warmed up
to room temperature and the long throttle capillary was replaced by the short capillary.
The test procedure was repeated for compressor cycle times equal to 20, 60, 90 and 120
seconds with this new short throttle.
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4.4 Low Concentration Results
Figure 4.5 is a plot of the cooling power versus the temperature of the low
temperature heat exchanger in the SJTR. The dashed line indicates the cooling power
data taken with the long capillary throttle and a compressor cycle time of 120 seconds.
The ultimate temperature of the refrigerator under these conditions is 0.76 K. The curve
with the solid line is the result of tests with the shorter throttle capillary with the same
120 second compressor cycle time. With the shorter throttle capillary, the SJTR cooling
powers at all temperatures is uniformly better than those of the long-capillary SJTR. The
ultimate temperature achieved by the improved refrigerator was 0.68 K.
The molar flow rate of 3He through the throttle was estimated by stopping the
compressor, leaving the compressor valves closed, and observing the pressure change
with time on the low concentration side of the system. For the long throttle the flow rate
was 34 gmoles/second when the pressure drop across the throttle was 20 kPa (a
conductance of 1.7 gmoles/kPa). The flow rate with the short throttle was 64
gmoles/second with a 13 kPa pressure drop across the throttle (a conductance of 4.9
gmoles/kPa). In operation, the molar flow rate in the SJTR increased by about a factor of
two for the short throttle case versus the long throttle case under similar operating
conditions; however, the cooling power did not increase by a factor of two (as can be
seen in Figure 4.5). The higher conductance of the short throttle loads the compressor
and reduces the pressure (concentration) difference across the throttle. Since the Joule-
Thomson cooling effect depends on the pressure (concentration) difference across the
throttle, a reduction in pressure differential reduces the cooling per unit mass flow of 3He
and lessens the benefit of a heightened mass flow rate.
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Figure 4.5 Cooling power vs. temperature of low temperature heat exchanger with the long
capillary. The dashed line is the cooling power curve for the tests with the long capillary and a
120 second compressor cycle time. The cooling power curve for the test with the same cycle time
with the short capillary is shown for comparison as a solid line.
Figure 4.6 shows the results of tests with the short capillary for various cycle speeds.
The cooling power curves for the 60, 90 and 120 second cycle times are essentially the
same. However, the cooling performance for the cycle with the 20 second cycle time is
significantly reduced from that of the longer cycle time. One possible conjecture for this
degradation in performance is that it is due to the viscous losses in the flow passages and
valve orifices in the compressor.
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Figure 4.6 Cooling power vs. temperature of low temperature heat exchanger with the short
capillary. The cooling power curve for a compressor cycle time of 120 seconds is shown as a
solid line with diamond shaped markers. The curve with square markers is the curve for a 90
second cycle time. The curve with triangular markers is the curve for a 60 second cycle time.
The curve for a 20 second cycle time is shown with markers that are circles.
Unfortunately, the total pressure drop for these losses is estimated to be 3 Pa for the 20 s
cycle (using standard viscous flow calculation methods) and therefore cannot account for
this decrease in performance. The degradation in the performance of the 20 second cycle
time may be due to the onset of loss mechanisms in the superflow through the superleak
in the compressor. This loss mechanism became apparent when the compressor cycle
time was further decreased to 15 seconds where unusually high pressure peaks where
generated in the system whenever the piston moved.
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4.5 High Concentration Results
Two more sets of tests were conducted with 3He- 4He mixtures with 3He
concentrations equal to 5% and 11%. Both sets of tests were conducted using the
techniques discussed in Section 4.3 of this thesis.
The cooling power curves from the tests with a 5% mixture are shown in Figure
4.7. The cooling power versus low temperature curve for a 5% mixture and a 120 second
cycle time is shown as a dashed line with diamond shaped markers. The curve with
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Figure 4.7 Cooling power versus low temperature for the SJTR running with a 5% 3He
concentration 3He- 4He mixture. The curve for a 5% mixture and a 120 second cycle time is
shown as a dashed line with diamond shaped markers. The curve with square markers
represents the cooling power for a 90 second cycle time. The results of test with a 60 second
cycle time are shown as the curve with triangular markers. The line with circular markers is
the cooling power for the test with 3% mixture and 120 second cycle time. 65
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square markers represents the cooling power for a 90 second cycle time. The results of
test with a 60 second cycle time are shown as the curve with triangular markers. The
cooling power curve for the test with 3% mixture and a 120 second cycle time is shown
on this graph for comparison as a solid line with circular markers.
The results of the tests with a mixture with 11% 3He concentration are shown in Figure
4.8. The curve for an 1 1% mixture and a 120 second cycle time is shown as a dashed
line with diamond shaped markers. The results of test with a 60 second cycle time are
shown as the curve with triangular markers. The cooling power curve for the test with
3% mixture and a 120 second cycle time is shown on this graph for comparison as a solid
line with circular markers.
The cooling power curves for the tests with 5% and I I% mixture are different
from those of the tests with a 3% mixture in two ways. First, the high temperature
cooling power of the machine increased with increased 3He concentration. Second, the
ultimate low temperature of the machine increases when the SJTR is operating with a
mixture with higher 3He concentration. The increased high temperature cooling power
can be attributed to the increased molar flow rate of the working fluid. With higher
concentration the compressor can develop a higher pressure difference between the high
and low pressure sides of the system. This causes a greater flow rate through the throttle
and thus increases the total cooling power of the machine.
A careful analysis of the recuperator must be done to explain the decrease in low
temperature performance and increase in the ultimate low temperature of the SJTR.
The first law in differential form for the recuperator is
d (c,,pTJ),- d(tc,,,T (
dx dx
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Figure 4.8 Cooling power versus low temperature for the SJTR running with a 11% 3 He
concentration 3He- 4He mixture. The curve for a 11% mixture and a 120 second cycle time is
shown as a dashed line with diamond shaped markers. The results of test with a 60 second
cycle time are shown as the curve with triangular markers. The line with circular markers
is the cooling power for the test with 3% mixture and 120 second cycle time.
where N is the molar flow rate of 3He, c,, 4 is the specific heat capacity at constant p4
(4He chemical potential) of the mixture per mole of 3 He, T is the temperature, and x is the
axial position in the recuperator. The subscripts hc and ic indicate the high concentration
and low concentration streams respectively. If the molar flow rate of 3He is the same for
both streams but the specific heat capacities are different the gradient of the temperature
with respect to x (the axial positioning the recuperator) of the two streams must be
different. As a result the temperatures of the two streams diverge if the specific heat
capacities are not equal. If the high concentration stream has a higher heat capacity the
temperatures of the two streams diverge at the top of the recuperator and converge
(pinch) at the bottom. If the low concentration stream has the higher specific heat
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capacity the temperatures of the two streams converge (pinch) at the top of the
recuperator.
Figure 4.9 is a graph of the heat capacity at constant g4 (4He chemical potential)
of the mixture versus temperature. The concentration of the stream entering the top of
the recuperator is 0.153. The stream exiting the top of the recuperator has a 'He
concentration equal to 0.035. At high temperature the low concentration stream has the
higher heat capacity of the two streams. However, at the bottom of the recuperator the
high concentration stream has the higher heat capacity. In this case the temperatures of
the two streams converge (pinch) at the temperature in the heat exchanger where the
specific heat capacities of the two streams are equal. Figure 4.10 is a graph of the
temperature profile in the recuperator when the SJTR is running with a mixture with a
5% 3He concentration and a low temperature equal to 0.7 K. The 3He concentration of
the low concentration and high concentration streams at the top of the recuperator are
0.035 and 0.153 respectively. In this case the pinch occurs at a temperature of
approximately 1.06 K. This pinch in the middle of the heat exchanger explains why the
preliminary model predicted higher cooling power for the SJTR at low temperatures. The
temperatures of the two streams at the bottom of the heat exchanger diverge as the
temperature of the bottom of the SJTR gets colder than the pinch temperature. Because
the high concentration stream is significantly warmer that the low concentration stream
much of the J-T effect is used to cool the high concentration stream down to the
temperature of the low concentration stream on the low pressure side of the throttle. The
result is reduced cooling power.
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Figure 4.9 Specific heat capacity at constant p4 of the mixture per mole of 3 He versus
temperature in the recuperator. The thin line is the heat capacity for the IOW 3He
concentration stream. The thick line is the heat capacity of the high concentration
stream.
The reason that the low concentration stream has a higher heat capacity at high
temperatures is due to the phonon-roton component of the mixture. The heat capacity
of the 3He component is the same in both streams because the molar flow rate of 3 He is
same and at high temperature the 3He behaves as an ideal Boltzmann gas. However,
because the 3He molar flow rates are the same for the two streams and the
concentrations are
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Figure 4.10 Temperature profile in the recuperator for a SJTR operating with a 100 kmole/s
3He molar flow rate, a 1.2 K compressor temperature, a low temperature equal to 0.7 K, and
a 5% 3He concentration mixture. The top curve is the temperature of the high concentration
stream and the bottom curve is the temperature of the low concentration stream.
different, the amount of 4He associated with the 3He is different for the two streams. A
fraction of the 4He at a given temperature is not in the ground state and is therefore
normal fluid. This normal phonon-roton gas gets dragged along with the 3He due to
mutual friction. Because the low concentration stream has a higher phonon-roton flow
rate than the high concentration stream the total heat capacity for the mixture in the low
concentration stream is higher than it is in the high concentration stream.
At low temperature two effects lead to a higher heat capacity for the high
concentration stream. First, nearly all of the 4He is in the ground state so that the number
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of phonons and rotons in both streams becomes negligible. Therefore the imbalance in
the flow of phonons and rotons is no longer thermodynamically significant. The second
effect is that the 3He no longer behaves as an ideal gas and the heat capacity of the high
concentration 3He gas is higher than that of the low concentration gas.
There is evidence that the working fluid at the inlet to the throttle was a two-phase
mixture when the machine was run with a mixture with I1 % starting concentration and
reached a low temperature of 0.82 K. This is evident because the cooling power of the
SJTR "dies" abruptly at 0.82 K, which was not evident when the machine ran with lower
concentrations.
Further evidence to support this conclusion can be seen in Figure 4.11 (a plot of
the 3He-4He phase diagram with lines of constant p4 shown). Although Radebaugh's
equation of state does not extend into the region where the high concentration stream of
the machine operated we have drawn a constant J14 line in that region similar to those in
the low concentration region by extrapolation. The dashed line on Figure 4.10 is an
approximation of the constant t4 line for the high concentration stream of the recuperator
when the SJTR is running with an 11% mixture. This suggests that the SJTR reached the
two-phase region when it operated with a low temperature equal to 0.82 K.
When the SJTR operates in the two phase region the ultimate low temperature is
set by the concentration on the low concentration side of the system. In order to get
colder than 0.82K the concentration at the cold end of the machine would need to be
lower. This machine was designed with small volumes on in the cold end and large
volumes at the warm end to keep the suction concentration high so that it would perform
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Figure 4.11 Extrapolated constant p4 line on a T -X 3 diagram showing how the
SJTR operated in the two-phase region when running an mixture with 11 %
starting concentration.
well as a SJTR. If the machine were modified so that the cold end had more volume the
machine would perform better as a two-phase machine (cold cycle dilution refrigerator).
Two other effects contribute to the decrease in low temperature performance for
the SJTR with increased concentration. The first is that the increased molar flow rate
associated with the increase in 3He concentration makes the heat exchanger less effective.
Also the thermal conductivity of the 3He-4He mixture decreases sharply as the 3He
concentration of the mixture increases. This also makes the heat exchanger less effective.
These two effects are discussed in detail in Chapter 5 of this thesis.
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Chapter 5
5 SJTR Model
5.1 Motivation
A graph of predicted cooling power versus low temperature resulting from a model
developed by Brisson in his SJTR paper' is shown in Figure 5.1. The results are from a
model of an ideal SJTR operating with a 10:1 concentration ratio, a high temperature
equal to 1.2 K, and a 100 jmole/s 3He flow rate. The dotted line represents the cooling
power for a machine with a 3He suction concentration equal to 0.01. The dashed line
represents the cooling power for a SJTR with a suction concentration of 0.005. The solid
is the cooling power for a suction concentration equal to 0.001.
This model was developed to show that it was possible to achieve cooling using
the SJTR concept and was not intended to simulate the performance of a specific SJTR
with non-ideal components. Thus several higher order effects were not included in this
model. First, the recuperator was assumed to be ideal with no viscous dissipation, no
axial heat conduction and an infinite heat transfer area. It was also assumed that the
suction port of the compressor was connected to a large reservoir so that the 'He
concentration remained constant as the temperature distribution and consequently the 3He
distribution in the SJTR changed as it cooled. Also, the model was not suited to
characterize the SJTR when running with a high concentration 3He-4He mixture because
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Figure 5.1 Cooling power versus low temperature curves for an ideal SJTR with a 10:1
concentration ratio, a high temperature equal to 1.2 K and an ideal heat exchanger. The
dotted line represents the cooling power for a machine with a 3He suction concentration of
0.01. The dashed line represents the cooling power for a SJTR with a suction concentration
of 0.005. The solid line is for a suction concentration equal to 0.001.
the model included the assumption that the pinch point was at the bottom of the
recuperator.
In this chapter we address each of the effects described above and determine if
they need to be included in a "second generation" model. Then the model that includes
the relevant effects is described. A numerical solution procedure is outlined and the
results of the model are presented.
5.2 Viscous effects in the recuperator
The pressure drop in the recuperator can be quantified using a standard viscous
fluid flow model for the coaxial flow passages. In order to get an upper bound for the
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pressure drop we use the maximum viscosity and minimum molar volume for the fluid
that occurs in each of the tubes.
The molar volume of 3He is given as
V = [27 +7.60+1.65X 3 2] cm (5.1)
X3 mole
where X3 is the 3He molar concentration of 3He_4He mixture2. Using equation 5.1 and
assuming that the minimum concentration of the high concentration stream is 0.10 and
that of the low concentration stream is 0.02 and that the molar flow rate of 3He is 100
pimoles/s the volumetric flow rates for the high concentration and low concentration
streams are 2.834 x 10-8 m3/s and 1.387 x 10-7 m3/s respectively. A cross-sectional view
of the recuperator flow passages is shown in Figure 5.2. The high concentration stream
flows through the inner tube that has a diameter (di) equal to 0.27 cm. The low
concentration stream flows through an annulus with the outer diameter (Di) equal to 0.59
cm and an inner (do) diameter of 0.32 cm. Therefore the flow areas for the high
concentration (AHC.) and low concentration (AL.) streams are 0.056 cm 2 and 0.189 cm 2
respectively. Using the volumetric flow rates and the flow areas for the tubes the fluid
velocities were calculated as VHc = 5.07 x 10-3 m/s and Vc = 7.34 x 10-3 m/s. Using a
value of 3 x 10-6 kg/(m-s) for viscosity3 the Reynolds numbers of the flows were
calculated as 92.1 and 63.7. This indicates that the flows in both of the tubes are laminar.
For laminar flow the pressure drop per unit length for a circular tube is
dP 128Qp (5.2)
dx r7 d|
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tube walls.
Cross-sectional view of recuperator tubes. The shaded areas are the
The white areas are the flow passages.
where Q is the volumetric flow rate, R is the viscosity , and di is the diameter of the tube.
Using this equation the pressure drop in the inner tube of the recuperator, which is 0.9
meters long, was estimated to be 0.03 Pa.
The pressure drop per unit length for laminar flow through an annular passage is
dP 8Qp
dx 7c K
(5.3)
where Q is the volumetric flow rate, y is the viscosity , and K is defined as
-[ + [ 2 2
K (Di -
2 2 -
. 2  -In
(d,,
(5.4)
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where Di and do are the outer and inner diameters of the annulus.4 Using equation 5.3 an
upper bound for the pressure drop in the outer tube of the recuperator was estimated to be
0.07 Pa. An estimate of the viscous dissipation in the recuperator can be obtained by
multiplying the pressure drop times the product of the molar volume of the 3He and the
3He molar flow rate. Using this technique the viscous dissipation is calculated to be of
order 10~8 W. This is negligible considering that to the cooling power of the SJTR is of
the order 10-5 W when the load is at a temperature of 0.75 K. The pressure drops in both
of the recuperator tubes are negligible compared to the pressure drop across the throttle,
which is greater than 20 kPa. Since the pressure drops in both sides of the recuperator
and the viscous heating are negligible these effects do not need to be included in the
model.
5.3 Axial conduction
Axial thermal conduction from high to low temperature in the walls of the tubes
that make up a heat exchanger tends to decreases its effectiveness. The importance of the
axial conduction relative to the convection of energy in a heat exchanger can be
quantified by the dimensionless axial heat conduction parameter. This parameter is
defined as
= kwl ,A (5.5)
LCmi
where kwal is the thermal conductivity of the wall material, A, is the cross sectional area
of the tube walls for axial conduction, L is the length of the heat exchanger, and C"'j" is
the minimum capacity flow rate in the heat exchanger. The minimum capacity flow rate
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for the SJTR recuperator is Cin = N(cp4 ) , where N and (c, 4 ) m is the minimum heat
capacity at constant 4He chemical potential in the recuperator. The thermal conductivity
of the stainless steel tube used in the recuperator is approximately 0.1 W/m-K.6 The total
cross sectional area of the two tubes in the recuperator is 7.2 x 10~6 m2. Using a value of
20 J/mol-K for c 4 in and a molar flow rate of 50 gmole/s, A was calculated to be
0.00072. For heat exchangers with a high number of thermal units (NTU's) the
ineffectiveness of the recuperator is
i =(5.6)
1 + 2A
The SJTR recuperator ineffectiveness is less than 0.0007 and our design condition
is that the recuperator be 99 percent effective; therefore axial conduction is not a
significant effect for the recuperator analysis.
5.4 Recuperator model
Since the pressure drop and axial conduction in the recuperator has been shown to
be negligible the recuperator can be modeled as a counter flow heat exchanger with no
pressure drop and no axial conduction. The differential equation for the recuperator is
H =UP[T,(x)- T.(x)] (5.7)
dx
where H is the enthalpy flow rate, U is the local overall heat transfer coefficient for the
recuperator, P is the heat transfer area per unit length (dx) in the heat exchanger, T, is the
temperature of the warm stream and T, is the temperature of the cold stream, and x is the
axial position in the recuperator measured from the cold end of the SJTR. Writing H in
79
terms of the 3He molar flow rate (N 3 ) the specific heat capacity of the cold stream with
the 4He chemical potential held constant (cp4c), and the temperature of the cold stream T,
gives
1[N 3C,1 4 c (T. )i.: ()] - UP(X31, , X3 )T, ,(x)-T (x)]. (5.8)
dx
However, N, is constant so
d 1Cp4 (T, )T.(x] UP(X3 ,,, x,.)
dx N3  [T,(x)-T,(x)]. (5.9)
The corresponding equation for the temperature of the warm stream is
d[Cp4 (Th, ) Th,(xA UP( X ,h X 3c ) [I X X]dxT,,(x)-T.(x)]. (5.10)dx N3
The UP product for a coaxial heat exchanger is
UP = In(dOIdJ) (5.11)
hi(X 3 , )z di 2zf k11/ h,,(X3 )re d,
where L is the length of the heat exchanger, hi is the heat transfer coefficient for the flow
in the inner tube, h, is the heat transfer coefficient for the flow in the annulus, do is the
outside diameter of the inner tube, di is the inside diameter of the inner tube, and kwa)(111 is
the thermal conductivity of the inner tube wall.
For fully developed laminar flow in a concentric tube annulus with an inner tube
to outer tube diameter ratio (d;/D 0) equal to 0.5, the Nusselt number (Nu) is 5.74 for the
inner tube and 4.43 for the annulus.7 The heat transfer coefficient for the inner tube is
hi = Nui k,,,,,i, (X31, (5.12)di
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where ktiL,; is the thermal conductivity of the fluid, Nui is the Nusselt number for the inner
tube, and di is the inside diameter of the inner tube. The heat transfer coefficient for the
annulus is
h,, = NuO 11f X' (5.13)
D,,
where kp1 ie is the thermal conductivity of the fluid, Nu, is the Nusselt number for the
annulus, and D1, is the hydraulic diameter of the annulus given by
D, = (D, -do) (5.14)
where Di is the inner diameter of the outer tube and d, is the outer diameter of the inner
tube.
The thermal conductivity of the 3He-4He mixture is a strong function of the 'He
concentration and therefore cannot be assumed to be constant along the length of the heat
exchanger. Limited data exists for the conductivity of 3He-4He mixtures with high 3He
concentration. Lounasmaa gives conductivity versus temperature curves for 1.5%, 5%
and 100% 3He.8 In the temperature range of interest (0.6 to 1.2 K) the conductivities are
nearly independent of temperature. A power law curve fit to the thermal conductivity
data as a function of 3He concentration gives
k,, (X3 ) =0.00145X 3 - , (5.15)
where X3 is the 3He concentration of the 3 He-4He mixture.
Substituting equations 5.11 through 5.15 into equations 5.9 and 5.10 gives a set of
coupled ordinary differential equations that must be solved numerically to find the
temperatures of the two streams in the heat exchanger as a function of position.
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5.5 SJTR model
This section outlines the detailed development of a model for the throttle and low
temperature heat exchanger in the SJTR. The results of this model can be combined with
those from the recuperator model to give the cooling power of the SJTR for a given
compressor temperature (T.) and low temperature heat exchanger temperature (T,0 w). The
analysis in this section closely parallels the analysis in Brisson's SJTR paper.9
For a control volume containing a 3He-4He mixture the First Law of
thermodynamics can be written in terms of the 3He and 4He molar flow rates as:
dE
+ = ]3 3 + Y +( 4Pg h'(5.16)
cit ports pollis
where E is the total energy of the control volume, Q is the rate of heat transfer into the
control volume, W is the rate of work transfer out of the control volume, h;" is the
osmotic enthalpy per mole of He, N4 is the molar flow rate of He into the control
volume, and p is the chemical potential of 4He. For the control volume indicated by the
dashed line in Figure 5.3 the first law reduces to
QJ = N 3 (h h (), (5.17)
where QJT is the rate of heat transfer into the low temperature heat exchanger, h is the
osmotic enthalpy of 3He exiting the low temperature heat exchanger, and h,"' is the
osmotic enthalpy of 3 He entering the throttle. The N 4p 4 term in equation 5.16 does not
contribute because the superleak across the throttle assures that the chemical potential of
the 4He is the same at both the inlet and outlet ports of the control volume and
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Figure 5.3 A schematic diagram of the superfluid Joule-Thomson refrigerator. The
working fluid is a 3He- 4He mixture, where the 3 He component is circulated as indicated
by the arrows. The heat rejected is Qc: the heat transferred in the recuperator is Qrr;
and, the heat absorbed at low temperature is QJT.-
conservation of mass requires that the flow of 4He into the control volume is equal to
the flow out of the control volume. The dE/dt term is equal to zero because the flow in
the SJTR is modeled as steady. The osmotic enthalpy is defined as'(
(5.18)h"(T, x)=(Tx)+ Ts,,(T , x)3 U3(, x) x
where p is the chemical potential of the 3He, T is the temperature, s., is the molar entropy
of the mixture, and x is the molar concentration of 3He.
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The best equation of state to date for 3He-4 He mixtures in the temperature range
of interest for the SJTR was developed by Radebaugh in 1967. Although Radebaugh's
tables do not include osmotic enthalpy (it was introduced later by Ebner and Edwards"),
tables for s,,, are included and p3 can be calculated using other tables included in the
work. The chemical potential of 3He in solution (p13) can be written as
P 3 (x,T) = u,(x,T) +, (x)+ L" (5.19)
where p, is the chemical potential of the 3He in 4He when the 3 He behaves as an ideal
Fermi-Dirac gas, u is the deviation of the 3He chemical potential from that of an ideal
Fermi-Dirac gas, and L'' is the molar heat of vaporization of pure 3 Heat T = 0 K. A table
of the quantity - ( (x) + L' )/R versus 3He concentration, where R is the universal gas
constant, is given in tabular form in Radebaugh's work. A table forp, (x, T) is also
included in the tables. The osmotic enthalpy can be calculated using these properties and
equation 5.18.
Radebaugh's equation of state is a zero pressure model because it was developed
for use in designing dilution refrigerators that do not have large pressure variations at low
temperature. However, the pressure effect on the osmotic enthalpy can be quantified
using the following analysis. The mixture is modeled as an incompressible fluid so that
the volume, internal energy, and entropy do not depend on pressure. Therefore,
-- = 
- (5.20)
Expanding the osmotic enthalpy for small changes in pressure gives,
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(p,T,x)=h'(0,T,x)+ -'" p =h"-(0, T, x) + p (5.21)
The derivative in the last term of equation 5.21 is equal to the partial volume of 3He, v3.
Using the partial volume relation for binary mixtures the partial volume of 3He is given
as,
V3 = vll +(I - x) . (5.22)dx
DeWaele' 2 has suggested that the molar volume of the 3He-4 He mixture can be written as
v,, = (1 - a'x) (5.23)
where v' is the molar volume of pure 4He (=27.58 x 10-6 m 3/mol) and a'= 0.286. This
expression for molar volume is used because deviation of this expression for molar
volume from that of Radebaugh (equation 5.1) is less than 0.15% throughout the range of
Radebaugh's tables (X3 = 0 to 0.3) and it results in a simpler expression for v3.9 Using
this equation 5.23 in equation 5.22 gives the result that v3= v'(+a')=35.47 x 106
m 3/mol. Substituting equation 5.18 and the correction for the pressure effect on the
osmotic enthalpy into equation 5.17 the cooling power of the SJTR and be written as:
QJT = AJ3 [(P 3 (Tx)+ TS'", (T, x) j3(Tx)+ Ts, (T-x(in- )vj. (5.24)
The pressure drop across the throttle is the difference between the osmotic
pressure of the inlet and outlet of the compressor. Adding these pressure correction terms
to the model reduces the calculated cooling power for the SJTR compared to a model
based only on Radebaugh's zero pressure equation of state.
Equation 5.24 is valid for a SJTR even if the recuperator is not ideal or if the
pinch does not occur at the bottom of the recuperator. For a model with a non-ideal
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recuperator, the temperature of the fluid flowing out of the bottom of the recuperator is
higher than that of the fluid flowing into the bottom.
5.6 Solution procedure
A flow chart of the solution procedure is shown in Figure 5.4. First the initial
concentration of 3He (X3initial), the compressor temperature (T,.), the low temperature heat
exchanger temperature (T,,,), the concentration ratio (CR), and the molar flow rate of 3He
(N3 ) are fixed. Next the number of moles of 3He in the SJTR is calculated based on the
initial concentration and a uniform temperature equal to T. Then a guess is made or the
suction concentration and the compressor outlet concentration is calculated.
Within the outer loop for the suction concentration is an inner loop for finding the
temperature difference between the high and low concentration streams in the recuperator
(AT) at the pinch. A value for AT is guessed and the first law is used to calculate the
temperature of the high concentration stream flowing out at the bottom of the recuperator.
Next the heat exchanger is solved numerically from low to high temperature using
equations 5.9 and 5.10 with substitutions from equations 5.11, 5.12, 5.13, 5.14, and 5.15.
The temperature of the high concentration stream at the top of the heat exchanger is
compared to temperature of the compressor (T,.). If the two temperatures match the AT is
correct and the inner loop is stopped, if not a modified guess for AT is calculated and the
recuperator iteration continues. Once the recuperator solution has converged the
temperature profile in the SJTR is used to calculate the distribution of 3He is the system
and the total number of moles of 3He in the system. If the calculated total number of
moles of 3He matches the number of moles in the SJTR based on the initial concentration,
the suction concentration is correct and the outer loop is stopped. If not the suction
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concentration guess is modified and the process is repeated until the calculated number of
moles of 3He is equal to the actual number of moles of 3He in the SJTR.
After the concentration iteration has converged, equation 5.24 can be used to
calculate the cooling power of the SJTR for a given T,., T;l(w, CR, X3initial and N3 . This
process must be repeated for different low temperatures (Tl,,) in order to generate a
cooling power versus low temperature curve for a given T., CR, X.ij,;,i and N3
5.7 Results
A graph of cooling power versus low temperature for a SJTR operating with a
concentration ratio of 5:1, a compressor temperature equal to 1.2 K, a 50 gmoles/s flow
rate of 3 He, and with a 3% 3He concentration is shown in Figure 5.5. The solid line
represents the results from the model with an ideal recuperator. The dashed line is from a
model that includes a recuperator model based on the dimensions of the working SJTR.
Experimental results from the SJTR running with a 3He_ He mixture with 3He
concentration equal to 3% are shown as circular markers.
The results from experiments and modeling with a 5% 3He concentration mixture
are shown in Figure 5.6. The solid and dashed lines are the results of modeling a SJTR
operating with a 5:1 concentration ratio, a compressor temperature equal to 1.2 K, a 100
gmoles/s flow rate of 3He. The solid line is the cooling power curve resulting from a
model with an ideal recuperator and the dashed line is the cooling power curve from the
model based on the dimensions of the SJTR. The experimental data from the SJTR
running with a mixture with a 5% 3He concentration are shown as circular markers in
Figure 5.6.
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Figure 5.4 Flow chart of the solution procedure for the SJTR model.
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The models predict that cooling power improves with higher concentration. This
is due in part to the increased pumping capacity of the compressor as the suction
concentration is increased. The behavior of the SJTR operating with an 11% 3He
concentration could not be modeled because sufficient thermodynamic data is not
available.
The temperature profiles in the SJTR recuperator for different cases should
provide insight into the low temperature performance. Figure 5.7 shows the temperature
profiles of the two streams in the recuperator plotted versus position from the cold end of
the recuperator for a SJTR operating with a 3He-4He mixture with 3% 3He concentration.
The very small temperature difference between the streams at the pinch point indicates
that the heat exchanger effectiveness is high.
The temperature profiles for the recuperator generated by the SJTR model
running with a 5% mixture are shown in Figure 5.8. This graph shows a greater
temperature difference between the two streams (2.2 mK versus 0.6 mK) at the pinch
point than in Figure 5.5. The recuperator is not as effective when the SJTR is running
with a 5% mixture because the molar flow rate of 3He is greater due to the increased
pumping speed of the compressor. (Note that the molar flow rates are 50 gmoles/s and
100 gmoles/s in Figure 5.7 and 5.8 respectively.) This effect is especially important
when the machine is operating with the low temperature heat exchanger at low
temperatures where the cooling power is low. The result is that a SJTR operating with a
higher concentration mixture has increased cooling power at high temperatures due to
increased working fluid circulation but has an increased ultimate low temperature and
decreased low temperature performance due to the decreased recuperator effectiveness.
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This provides an explanation for the increase in the ultimate low temperature of the SJTR
when it was operated with an 11% 3He-4He mixture.
Figure 5.9 shows the temperature profiles in the recuperator if the area of the heat
exchanger were increased by a factor of 10. The temperature difference at the pinch
point in this case is reduced to nearly zero because of the increased effectiveness of the
recuperator. This shows that the low temperature performance of the SJTR operating
with a high concentration mixture can be improved by increasing the effectiveness of the
recuperator.
Another interesting characteristic of the recuperator is that the pinch point
temperature gets higher as the 3He concentration of the working fluid is increased. The
contribution of the non-ideal behavior of the 3He quasi-particle gas becomes dominate at
higher temperatures as the concentration is increased and the SJTR operates in a region
closer to the two phase separation line on the T-X3 diagram. If the concentration is
increased to 7% 3He the pinch point no longer is in the middle of the heat exchanger but
is at the top as shown in Figure 5.10. In this case and for higher concentrations the non-
ideal behavior of the 3He is the dominant cooling mechanism even at 1.2 K, whereas for
low concentrations the 4He phonon-roton gas is the dominant cooling mechanism above
1.0 K.
The cooling power results from the models best match the experimental data in
the middle temperature range (0.8 K to 0.9 K). The low performance at low temperatures
can be attributed to conduction losses and other dissipation mechanisms that were not
included in the model. The predicted cooling power at low temperature is less than 20
gW and can easily be overwhelmed by these parasitic losses.
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The discrepancy between the cooling power of the SJTR and that predicted by the
models at high temperatures is more difficult to explain. The assumption that the
velocity of the normal component of the 4He is the same as that of the 3He is inherent in
Radebaugh's equation of state that has been used for this model. There is however a
small slip velocity between these two components and the velocity of the phonons and
rotons is lower than that of the 3He. This effect may account for some of the discrepancy
between the model results and the experimental data at high temperatures where the
phonons and rotons contribute significantly to the cooling power. Also, it has been
suggested that the osmotic pressure predicted by Radebaugh equation of state that is used
here is in error. 1 This is also a possible source for the discrepancy between the model
and the experimental data.
The results of the models outlined in this chapter show that the low temperature
cooling power of the SJTR can be increased by improving the performance of the
recuperator. The design of the recuperator is especially important when the refrigerator is
running with a high 3He concentration mixture for two reasons. First, the molar flow rate
of 3He is higher because the pumping speed of the compressor is increased. Second, the
thermal conductivity of the mixture decreases sharply with increasing concentration.
These models also show that the temperature distribution in the recuperator is strongly
dependent upon the starting concentration of the 3He-4He mixture. This is due to the
increased contribution of non-ideal "gas" like behavior of the 3He to the heat capacity of
the mixture as the 3He concentration increases.
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Figure 5.5 Cooling power versus low temperature heat exchanger temperature for a SJTR
operating with a 5:1 concentration ratio, a 50 gmole/s 3He molar flow rate, a 1.2 K
compressor temperature, and a 3% 3He concentration mixture. The solid line represents
the results from the model with an ideal recuperator. The dashed line is from a
model that includes a recuperator model based on the dimensions of the working
SJTR. Experimental results from the SJTR running with a 3He-4 He mixture with a
3% 3He concentration are shown as circular markers.
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Figure 5.6 Cooling power versus low temperature heat exchanger temperature for a SJTR
operating with a 5:1 concentration ratio, a 100 gmole/s 3He molar flow rate, a 1.2 K
compressor temperature, and a 5% 3He concentration mixture. The solid line represents
the results from the model with an ideal recuperator. The dashed line is from a model that
includes a recuperator model based on the dimensions of the working SJTR. Experimental
results from the SJTR running with a 3He- 4He mixture with a 5% 3He concentration are
shown as circular markers.
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Figure 5.7 Temperature profile in the recuperator for a SJTR operating with a 5:1
concentration ratio, a 50 pmole/s 3He molar flow rate, a 1.2 K compressor temperature, a
low temperature equal to 0.6 K, and a 3% 3 He concentration mixture. The top curve is the
temperature of the high concentration stream and the bottom curve is the temperature of
the low concentration stream.
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Figure 5.8 Temperature profile in the recuperator for a SJTR operating with a 5:1
concentration ratio, a 100 gmole/s 'He molar flow rate, a 1.2 K compressor temperature, a
low temperature equal to 0.7 K, and a 5% 3He concentration mixture. The top curve is the
temperature of the high concentration stream and the bottom curve is the temperature of
the low concentration stream.
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Figure 5.9 Temperature profile in the recuperator for a SJTR operating with a 5:1
concentration ratio, a 100 smole/s 3He molar flow rate, a 1.2 K compressor temperature, a
low temperature equal to 0.7 K, and a 5% 3He concentration mixture. The UA product for
this recuperator is 10 times the size of that of the recuperator in the actual SJTR.
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Figure 5.10 Temperature profile in the recuperator for a SJTR operating with a 5:1
concentration ratio, a 100 gmole/s 3He molar flow rate, a 1.2 K compressor temperature, a
low temperature equal to 0.95 K, and a 7% 3He concentration mixture. The top curve is the
temperature of the high concentration stream and the bottom curve is the temperature of
the low concentration stream.
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Chapter 6
Summary
The goal of this thesis was to develop a proof of principle superfluid Joule-Thomson
refrigerator. Four main contributions were made to this end.
I. A new valve technology utilizing a polished stainless steel stem and a PCTFE seat
was developed for use in the 3He compressor. This valve had a projected leak rate
equal to 0.2 mmoles/s of 3He helium at 1.2 K when the pressure across the valve
was 30 kPa and was therefore suitable for use in the SJTR.
2. A 3He compressor was developed and successfully tested at a temperature of 1.2
K. The compressor achieved a maximum concentration ratio of 6.5:1 and had a
concentration ratio equal to 5:1 when pumping 3He and a rate of 65 gmoles/s.
3. A SJTR was developed and tested. It achieved an ultimate low temperature of
0.68 K when operating with a 3He-4He mixture with a starting 3He concentration
equal to 3%. It was also demonstrated that the refrigerator could operate in the
two-phase region when operating with a mixture with a starting concentration
equal to 11%. In this case the ultimate low temperature was 0.82 K because the
refrigerator was not designed to operate as a cold cycle dilution refrigerator.
4. A numerical model of the SJTR including a model of the non-ideal recuperator
was developed and used to provide insight into the results of the experimental
results form the SJTR tests. Two important conclusions resulted from this
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modeling. First the recuperator surface area must be increased to improve the low
temperature performance of the SJTR due to poor thermal conductivity of the
3He-4 He mixture at high 3He concentrations. Second,to operated better in the two
phase region the refrigerator must be redesigned.
This work has shown that the non-ideal behavior of the 3He quasiparticle "gas" in a
3He-4He mixture can be used to cool with the Joule-Thomson effect. It has also been
shown that this machine can operate in the two-phase region as a cold cycle dilution
refrigerator. Possible further work could include: the design of better heat
exchangers, the development of a compressor with a higher concentration ratio, and
the development of a refrigerator design optimized for operation as a cold cycle
dilution refrigerator at lower temperatures.
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Appendix
(* Mathematica script for calculating the cooling power of a Superfluid Joule Thomson
Refrigerator (SJTR) for a given compressor temperature (Tc) , load temperature (Tlow),
concentration ratio (CR), 3 He molar flowrate (ndot) and recuperator geometry. *)
SetDirectory[ "C: \Documents and Settings\My Documents\FMILLER\Mathematica"];
(* Define the operating paremeters for the SJTR *)
(* Set the concentration ratio *)
cr = 5.0;
(* Molar circulation rate of 3 He *)
ndot = 0.15 10^'-3;
(* Temperature at the outlet of the compressor set *)
Tc = 1.2;
(* Volume of the machine at compressor temperature and suction concentration *)
vTcxlo = 120 10A -6;
(* Volume of the machine at compressor temperature and discharge concentration *)
vTcxhi =131OA6;
(* Volume of the machine at low temperature and low concentration *)
vTlxlo = 3.5 10^-6;
(* Volume of the machine at low temperature and high concentration *)
vTlxhi =2 10A -6;
(* Volume of the low concentration side of the recuperative heat exchanger *)
vHXxl =18.510^-6;
(* Volume of the high concentration side of the recuperative heat exchanger *)
VHXxhi = 6 10^ -6;
(* Calculate the total internal volume of the machine *)
vtotal = vTlxlo + vTlxhi + vHXxl + vHXxhi + vTcxlo + vTcxhi;
(* Some physical constants related to the 3 He-4 He working fluid *)
(* Molar heat of vaporization of pure 3 He at T=0 K *)
L3o = 20.56;
(* Universal gas constant *)
R = 8.3143;
(* Partial molar volume of 3 He *)
v3 = 35.47 *10A-6;
101
(* Import thermodynamic properties from Radebaugh' s tables *)
(* Import table of 3 He chemical potential when it behaves as an ideal Fermi-
Dirac gas (Table 8) *)
muf =Import ["mu_f.txt", "Table"];
(* Import table of osmotic pressure as a
function of temperature and 3 He concentration (Table 10) *)
Pos = Import [ "Pos. txt", "Table"] ;
(* Convert pressure table from torr to Pascals *)
Pos = Pos*133.322;
(* Import table of (-4 He chemical potential) as
a function of temperature and 3 He concentration (Table 10) *)
nmu4 = Import[ "-mu_4. txt", "Table"];
(* Convert (- 4 He chemical potential) to (4 He chemical potential)*)
mu4 = -nmu4;
(* Import table of the specific heat of the mixture
as a function of temperature and 3 He concentration (Table 11) *)
Cpmix = Import [ "Cpmix. txt", "Table"];
(* Import table of the entropy of the mixture as
a function of temperature and 3 He concentration (Table 12) *)
smix = Import["s-mix.txt", "Table"];
(* Import table of (-the enthalpy of the mixture) as
a function of temperature and 3 He concentration (Table 13) *)
nhmix = Import ["-h-mix.txt", "Table"];
(* Convert (- enthalpy of the mixture) to (enthalpy of the mixture) *)
hmix = -nhmix;
(* Import list of 3 He concentrations for use with tables of thermodynamic data *)
X3He = Import ["X3He. txt", "List"];
(* Import list of temperatures for use with tables of thermodynamic data *)
T = Import["Temp.txt", "List"];
(* Import table of the enthalpy of 3 He in 4 He as
a function of temperature and 3 He concentration (Table 9) *)
h3 = Import ["h3. txt", "Table"] ;
(* Import list of temperatures for use with table of enthalpy of 3 He in 4 He *)
Temph3 = Import["Temph3. txt", "List"];
(* Import a list of the quantity -
(mu3prime+L3o) /R as a function of 3 He concentration from (Table 1) *)
mu3pr = Import ["mu3prime.txt", "List"];
(* Import table of 3 He concentrations as
a function of temperature and 4 He chemical potential *)
conc3He = Import["conc3He.txt", "Table"];
(* Import list of temperatures for use with table of 3 He concentrations *)
tempconc = Import [ "Tempconc. txt", "List"];
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(* Import list of 4 He chemical potentials for use with table of 3 He concentrations *)
mu4conc = Import ["mu_4conc. txt", "List"];
(* Import table of the enthalpies of the mixture at constant 4 He chemical potential *)
hmixmu4 = Import [ "hmixmu4 .txt", "Table"];
(* Import list of temperatures for use with
table of enthalpy at constant 4 He chemical potential *)
Temph = Import [ "Temph.txt", "List"];
(* Import table of specific heat at constant 4 He chemical potential *)
Cpmuconst = Import [ "Cpmuconst. txt", "Table" ] ;
(* Import list of 4 He chemical potentials for use
with table of specific heat at constant 4 He chemical potential *)
mu4cp = Import ["mu4cp.txt", "List"];
(* Import list of temperatures for use with
table of specific heat at constant 4 He chemical potential *)
Tcp = Import[ "Tcp.txt", "List"];
(* Create interpolation functions for the thermodynamic properties *)
(* Interpolation function for the
chemical potential of 3 He as an ideal Fermi-Dirac gas *)
muf3He = ListInterpolation[muf, {T, X3He)];
(* Interpolation function for the osmotic pressure of 3 He in 4 He *)
Posm = ListInterpolation[Pos, {T, X3He}];
(* Interpolation function for the chemical potential of 4 He *)
mu4i = ListInterpolation[mu4, {T, X3He}];
(* Interpolation function for the specific heat of the mixture *)
Cmx = ListInterpolation[Cpmix, {T, X3He}];
(* Interpolation function for the entropy of the mixture *)
smx = ListInterpolation[smix, {T, X3He}];
(* Interpolation function for the enthalpy of the mixture *)
hmx = ListInterpolation[hmix, {T, X3He}];
(* Interpolation function for the quantity -(mu3prime+L3o)/R *)
mu3prime = ListInterpolation[mu3pr, {X3He}] ;
(* Interpolation function for the enthalpy of 3 He in 4 He *)
h3i = ListInterpolation[h3, {Temph3, X3He}] ;
(* Interpolation function for the 3 He concentration as
a function of the temperature and the 4 He chemical potential *)
conci = ListInterpolation[conc3He, {tempconc, mu4conc}];
(* Interpolation function for the specific
heat of the mixture at constant 4 He chemical potential *)
Cpmu = Lis tInterpolation [Cpmuconst, {Tcp, mu4cp}] ;
(* Interpolation function for the enthalpy of the mixture as a function of temperature
and 4 He chemical potential *)hmixmu4i = ListInterpolation[hmixmu4, {Temph, mu4conc}];
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(* Define Functions *)
(* Function to calculate p3 from the quantity -(p3 +L3) R *)
mu3prim [x3_] : = - R * mu3prime [x3] ;
(* Function to calculate p 3 as a function of temperature and x 3 *)
mu3 [tmp_, x3_] := muf3He [tmp, x3] + mu3prim [x3] ;
(* Function to calculate osmotic enthalpy as a function of temperature and x3 *)
hos [ tmp_, x3_] := mu3 [ tmp, x3 ] + tmp * smx [ tmp, x3 ] / x3;
(* Function to calculate v3 as a function of x 3 *)
v3mol[x3_] := (27.58/x3+7.60+1.65*x3 2) *10 A6;
* Temperature of the low temperature heat exchanger
Tlow = 0.75;
(* 3 He concentration of the mixture *)
x3start = 0.03;
(* Calculate the total number of moles of 3 He in the machine *)
n3tot = vtotal / v3mol [x3start] ;
(* Initial "guess" for the compressor suction concentration *)
xin = 0.01;
(* Initialize the number of moles of 3 He calculated to be 0.0 *)
n3calc = 0.0;
(* Loop to find the compressor suction concentration for this Tlow *)
While [Abs [n3tot - n3calc] > 0. 001 && xin < 0. 05,
(* Increase the suction concentration
incrementally to find where n3calc matches n3tot *)
xin = xin + 0.0001;
(* Calculate the compressor discharge
concentration based on the increased suction concentration. *)
xout = xin * cr;
(* If structure to find the pinch point in the heat exchanger *)
(* Does the recuperator pinch at the bottom? *)
If [ Cpmu [Tlow, mu4i [Tc, xout]] < Cpmu[ Tlow, mu4i [Tc, xin]],
tpinch = Tlow,
(* Does the recuperator pinch at the top? *)
If [Cpmu[Tc, mu4i [Tc, xout]] > Cpmu[Tc, mu4i[Tc, xin]],
tpinch = Tc,
(* If the pinch point is not at the
top or bottom of the recuperator find the temperature where *)
(* the two capacity flow rates match. Start the
seach at the middle temperature of the recuperator. *)
tpinch = t/. FindRoot[Cpmu[t, mu4i[Tc, xout]] -Cpmu[t, mu4i [Tc, xin]] =0,
{t, (Tlow + Tc) / 2)];
1;
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(* If structure to determine the temperature of the high
concentration stream at the bottom of the recuperator (Tlowin) *)
If[tpinch== Tlow,
(* If the recuperator pinches at the bottom
the temperatures of the two streams are equal at the bottom *)
Tlowin = Tlow,
(* Otherwise find Tlowin so that the
first law is satisfied for the recuperator from the pinch down *)
Tlown
Tlowin = Tlown /. FindRoot[i Cpmu [tt, mu4i [Tc, xout] ] d tt -
Jtpinch
Tlow
i Cpmu[tt, mu4i [Tc, xin]] dtt = 0, {Tlown, (Tlow + Tc) /2}]
3tpinich
(* Calculate the number of moles of
3 He in the SJTR at low temperature and low concentration *)
nTlxlo = vTlxlo / v3mol [conci [Tlow, mu4i [Tc, xin I];
(* Calculate the number of moles of
3 He in the SJTR at low temperature and high concentration*)
nTlxhi = vTlxhi / v3mol [conci [Tlowin, mu4i [Tc, xout]]];
(* Calculate the number of moles
of 3 He in the low concentraion side of the recuperator *)
nHXxl = vHXxl / v3mol [conci [tpinch, mu4i [Tc, xin] ];
(* Calculate the number of moles
of 3 He in the high concentraion side of the recuperator *)
nHXxhi = vHXxhi / v3mol [ conc i [ tpinch, mu4i [ Tc, xout]]];
(* Calculate the number of moles
of 3 He in the SJTR at Tc and suction concentration *)
nTcxlo = vTcxlo/v3mol[conci[Tc, mu4i[Tc, xin]]];
(* Calculate the number of moles
of 3 He in the SJTR at Tc and discharge concentration *)
nTcxhi = vTcxhi / v3mol[conci[Tc, mu4i [Tc, xout] ] ] ;
(* Calculate the total number of moles of 3 He in the SJTR *)
n3calc = nTlxlo + nTlxhi + nHXxl + nHXxhi + nTcxlo + nTcxhi;
(* Calculate the concentration of the
stream exiting the low temperature heat exchanger *)
conclow = conci [Tlow, mu4i[Tc, xin] ] ;
(* Calculate the concentration of the stream entering the throttle *)
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conchigh = conci [Tlowin, mu4i [Tc, xout] ] ;
(* Calculate the cooling power for this Tlow
assuming that the heat exchange has infinite UP product. *)
Qjt = ndot * (hos [Tlow, conclow] - hos[Tlowin, conchigh] -
(Posm [Tlowin, conchigh] - Posm [Tlow, conclow ) * v3);
Print[{n3tot, n3calc, xin, xout, conclow, conchigh, tpinch, Tlowin, Tlow, Qjt}];
(* inside diameter of the inside tube of the recuperator *)di= 2.66710^-3;
(* outside diameter of the inside tube of the recuperator *)
do =3.17510 -3;
(* hydraulic diameter of the annulus of the recuperator *)
Dh = 2.667 10A-3;
(* Thermal concuctivity of stainless steel at 1 K in W/m-K *)
kss = 0.1;
(* guess value for temperature difference at the pinch in the recuperator *)
deltaT = 0.00001;
(* step for interation process in delta T at the pinch in the heat exchanger *)
deltaTstep= 0.0000002;
(* Length of the recuperatore in meters *)
Lhx = 0.9;
(* number of elements that the heat
exchanger is divided into for the numerical solution *)
nelements = 500;
dx = Lhx / nelements;
(* initialize the temperature of the low concentraion stream *)
Tlo = Tlow;
(* initialize the temperature of the high concentration stream *)
Thi = Tlowin;
(* define function for the thermal conductivity of the 3 He-
4 He mixture as a function of concentration *)
k[x3_] = (0.001452154*x3^-1.166894625) *1;
(* calculate the 4 He chemical potential
of the mixture at the outlet of the compressor *)
mu4out = mu4i[Tc, xout];
(* calculate the 4 He chemical potential
of the mixture at the inlet of the compressor *)
mu4in = mu4i [Tc, xin] ;
(* loop to iterate to find the temperature difference at the
pinch that satisfies the numerical solution for the recuperator *)
While [Thi <= Tc && deltaT < 0.03,
(* increment deltaT *)
deltaT = deltaT +deltaTstep;
(* calculate the temperature of
the high concentraion stream at the inlet to the throttle *)
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Thi = Tlowin + del taT;
Tlo = Tlow;
(* initialize the position in
the recuperator to 0 (the bottom of the recuperator) *)
x = 0;
(* loop to solve the recuperator numerically by stepping from bottom to top *)
While [x<= Lhx,
(* calculate the thermal conductivity of the mixture on
the high concentration side of the recuperator for this element *)
ki = k [conci [Thi, mu4out] ] ;
(* calculate the thermal conductivity of the mixture
on the low concentration side of the recuperator for this element *)
ko = k [conci [Tlo, mu4in]];
(* calculate the heat transfer coefficient for the
high concentration side of the heat exchanger for this element *)
hi = 5.74 *ki/di;
(* calculate the heat transfer coefficient for the
low concentration side of the heat exchanger for this element *)
ho= 4.43 *ko/Dh;
(* calculate the overall heat transfer
coefficient times the perimeter for this element *)
UP =1/ (1/ (hi* 7r*di) +1/ (ho*7r*do)+ Log[do/di] / (2*7r*kss));
(* calculate the heat transfer for this elemnt *)
Q=UP * (Thi - Tlo) * dx;
(* Calculate the temperatures
of the two streams for at the top of this element *)
Thi = Thi + Q / (ndot * Cpmu [Thi, mu4out]);
Tlo = Tlo + Q / (ndot * Cpmu [Tlo, mu4 in]) ;
(* increment to the position of the next element in the recuperator *)
x = x + dx;
];
];
(* calculate the cooling power for the SJTR with the deltaT
determined by the numerical solution for the non ideal recuperator *)
Qjtdt =ndot* (hos[Tlow, conclow] -hos[Tlowin+deltaT, conchigh] -
(Posm [Tlowin +deltaT, conchigh] - Posm[Tlow, conclow]) *v3);
Print[{deltaT, Thi, Tlo, Qjtdt}];
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(* structure to output the temperature profile in the recuperator *)
Thi = Tlowin + deltaT;
Tlo = Tlow;
(* initialize position in the recuperator *)
x = 0;
(* output temperatures at the bottom of the recuperator to a file *)
Put[{x, Tlo, Thi), "recoup.txt"];
(* loop to step through the recuperator elements *)
While [x <= Lhx ,
(* calculate the thermal conductivity of the mixture
on the high concentration side of the recuperator for this element *)
ki = k [conci [Thi, mu4out] ] ;
(* calculate the thermal conductivity of the mixture
on the low concentration side of the recuperator for this element *)
ko = k [conci [Tlo, mu4in] ] ;
(* calculate the heat transfer coefficient for the
high concentration side of the heat exchanger for this element *)
hi = 5.74 *ki/di;
(* calculate the heat transfer coefficient for
the low concentration side of the heat exchanger for this element *)
ho= 4.43 *ko/ Dh;
(* calculate the overall heat transfer
coefficient times the perimeter for this element *)
UP =1/ (1/ (hi* r*di) +1/ (ho* 7r*do) + Log[do/di] / (2 *7r*kss));
(* calculate the heat transfer for this elemnt *)
Q = UP * (Thi - Tlo) * dx;
(* Calculate the temperatures
of the two streams for at the top of this element *)
Thi = Thi + Q / (ndot * Cpmu [ Thi, mu4out);
Tlo = Tlo +Q / (ndot * Cpmu[Tlo, mu4in]) ;
(* increment to the position of the next element in the recuperator *)
x= x+dx;
(* output position and tempeatures to a file *)
PutAppend[{x, Tlo, Thi), "recoup.txt"];
1;
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